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Abstract

Online advertising markets exhibit two characteristic features: opacity in the platform’s
allocation process and two-sided information asymmetry, whereby platforms observe user en-
gagement data unknown to advertisers while advertisers possess private business valuations
unknown to the platform. In standard auction settings with commitment power, a platform
can implement publicly observable auction-design rules through which its private information
is directly incorporated into advertisers’ decisions. However, the platform’s strategy is often
unobservable to advertisers, and thus the platform lacks commitment, implying that its private
information can only be transmitted implicitly through observable choices.

We develop a model of opaque auctions characterized by two-sided private information and
the platform’s lack of commitment to auction-design strategies. In this setting, the platform can
set reserve prices and decide which advertisers to solicit, choices that may serve as implicit signals.
First, we show that the reserve price cannot credibly convey the platform’s private information,
but selective bidder solicitation can: the platform optimally excludes some advertisers from
the auction, and being invited serves as a credible signal of high advertiser-impression match
value, inducing more aggressive bidding. When either the platform or the advertisers have
full information, we show that being invited no longer carries information, and thus inviting
all advertisers is optimal. Second, acquiring the advertisers’ private information can harm
the platform by undermining the credibility of the signaling mechanism, an effect absent with
commitment. Third, the incentives of the platform and the advertisers to share their private
information and acquire counter-party’s information are aligned if and only if the market size is
large enough. These results show that the value of information is determined by the interaction

among the information environment, commitment power, and market size.
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1 Introduction

Online display ads are predominantly transacted programmatically, often through real-time auctions
facilitated by ad exchanges or supply-side platforms.! When a user loads a webpage or opens an app,
an ad impression becomes available. The exchange—used interchangeably with ad platform from
here on—receives information about the impression, including user-level, context-level, device-level,
and placement-level signals. It then constructs a bid request describing the impression and routes it
to bidders, typically through demand-side platforms (DSPs). The DSPs evaluate the bid request on
behalf of advertisers, estimate the value of the impression for each eligible campaign, and submit
bids based on the information provided by the exchange, as well as their proprietary data. Thus,
data are a key resource for ad exchanges and are essential to the functioning of online ad auction
markets.

The exchange’s payoff from ad auctions ultimately depends on bidders’ ability to form accurate
valuations of impressions and compete accordingly. Thus, the economic value of an ad exchange’s
data depends not only on the data it possesses, but also on whether that information can be
communicated to bidders in a way that informs their bidding decisions.? However, in practice, how
advertisers should interpret and incorporate exchange-provided signals into their bidding decisions is
far from straightforward. This is because the exchange’s impression-side information is proprietary
and not directly available to advertisers in its raw form. In addition, advertisers typically observe
only coarse descriptors of an impression, such as “female, mid-30s, metropolitan, sports enthusiast,
professional,” whose precise definitions, thresholds and predictive relevance may be unclear. As a
result, it may be difficult for advertisers to translate the disclosed information into optimal bids.

Given these challenges, advertisers may resort to observable features of the auction environment
configured by the ad exchange for indirect information about the impression. The reserve price
is a natural example, as it may reflect the exchange’s assessment of impression quality based on
its private information on the impression side. Another institutionally important—Dbut far less
explored academically—example is the exchange’s bidder selection through bid-request routing. Ad

exchanges do not always send bid requests to all potential advertisers; instead, they often solicit

! According to eMarketer (2026), programmatic ads account for more than 90% of U.S. digital display ad spending.

2For instance, Ada et al. (2022) show that providing more granular context information in bid requests increased
revenue per impression at a private ad exchange. This finding suggests that the way an ad exchange’s information is
communicated to bidders is economically consequential for both sides of the market.



only a subset of bidders for a given impression. Industry article (Google Authorized Buyers, 2026)
documents that such routing decisions are shaped by technical and operational constraints, such as
server capacity, callout quotas, and latency requirements.’

These auction-design choices, however, are not simple information disclosures. The reserve
price and the bidder’s solicitation status are observable to individual advertisers, but they are
also strategic choices made by the exchange. Because advertisers do not observe the way that the
exchange maps its private information into these choices, how advertisers should interpret these
observable signals is not immediately clear, either. Nevertheless, these choices may serve as implicit
signals through which platform information is transmitted to bidders, thus shaping their bidding
decisions and, ultimately, the exchange’s payoff.

This paper studies such an opague information environment in an ad auction game and examines
how exchange information can be transmitted implicitly through observable auction-design choices.
Opacity has two key features in our setting. First, the ad exchange has private and partial information
about advertisers’ values for an impression. Second, the mapping from the exchange’s private
information to its observable auction-design choices—the reserve price and bidder selection—are
unobservable to the advertisers, which means that the exchange cannot commit to any auction-design
strategies. In this environment, we analyze whether and how any information relevant for the value
of the impression can be credibly conveyed to the advertisers, and how that information affects
the advertisers’ bidding behavior and, in turn, the exchange’s payoff. Our approach complements
the literature on online ad auctions, which often assumes that the exchange can commit to an
information-disclosure policy, or more generally a signal structure, that determines what bidders
learn about an impression (e.g., De Corniere and De Nijs, 2016; Bergemann et al., 2022; Choi and
Sayedi, 2024). In contrast, our approach focuses on information transmission without exchange’s
full commitment to auction-design strategies, and thus the exchange’s design choices themselves
may serve as implicit signals.

Understanding how platform information is transmitted in an opaque auction environment
is critical for assessing the economic value of information. When information cannot be directly

disclosed, its value depends on whether it can be credibly conveyed to bidders and translated into

3Bidder solicitation is also prevalent in government procurement, where contracting officers often have discretion
over which firms to invite to bid (Elmaghraby, 2005; Coviello et al., 2018).



bidding decisions. Based on this observation, we examine the value of information for both the ad
exchange and advertisers, including when each party benefits from acquiring the private information
of the counterparty. We also compare these outcomes with a benchmark in which the exchange can
commit to a bidder-solicitation strategy, allowing us to isolate the role of commitment in shaping
equilibrium outcomes and information value.

We develop a stylized auction game to study the opaque information environment described
above. A single ad impression is sold to one of K > 2 advertisers through a second-price auction.*
Advertiser ¢’s value for the impression is decomposed into two parts, i.e., v; = ¢; - 6;, where ¢;
captures the expected conversion rate and 6; captures the revenue conditional on conversion. Each
advertiser’s ¢; and 6; are drawn randomly and independently from a distribution. To reflect the
platform’s advantage in impression-side information and advertisers’ advantage in business-side
information, we assume that the platform privately observes ¢;’s of all advertisers, while each
advertiser privately observes its own 6;.

Before ¢;’s and 6;’s are realized, the platform announces n, the size of the invited bidder set.
After these components are realized, the exchange configures the auction environment based on its
private information by choosing which n advertisers to solicit and setting a reserve price r. Invited
advertisers observe the reserve price, n, and their own invitation status, but not the platform’s
auction-design strategy. They then update their beliefs about their own ¢;’s, and hence their values
v; before submitting bids. The model therefore captures a setting where the platform lacks full
commitment to an auction-design strategy, and bidders draw inferences from the observable auction
environment.

We use perfect Bayesian equilibrium (PBE) as the equilibrium concept. As is common in
signaling games, the model may admit multiple equilibria; we therefore focus on platform-optimal
PBEs, namely those that maximize the platform’s payoff among all PBEs.?

We first show that the reserve price cannot credibly transmit the platform’s private information

“In a second-price auction, the highest bid wins if it exceeds the reserve price, and the winner pays the greater of
the second-highest bid and the reserve price.

SFormally, a PBE is platform-optimal if no other PBE gives the platform a strictly higher payoff. This selection
criterion is natural for our purpose because the paper studies the best equilibrium outcome that can be sustained for
an informed platform when it cannot commit to a disclosure policy. It is conceptually related to sender-preferred
equilibrium selection in strategic communication (e.g., Crawford and Sobel, 1982; Chen et al., 2008; Lipnowski and
Ravid, 2020). It is also related in spirit to sender-optimal information design (e.g., Kamenica and Gentzkow, 2011;
Bergemann and Morris, 2019), but differs because information design typically studies the sender’s optimal committed
signal structure rather than selecting among PBEs in a game without commitment.



in the platform-optimal equilibrium. This is because the platform will choose the reserve price that
maximizes its expected payoff regardless of the realized ¢;’s due to the opaque environment, i.e., the
unobservability of the platform’s private information and reserve pricing strategy to the advertisers.
Nevertheless, the platform’s private information can be credibly transmitted through the platform’s
bidder solicitation. In particular, we identify a platform-optimal equilibrium in which the platform
invites a subset of advertisers with n* highest realized conversion rates ¢;. Then, upon being solicited,
each advertiser rationally updates its beliefs that its unobserved component ¢; lies among the top
n* out of K i.i.d. draws and thus bids more aggressively. This signaling effect is stronger when the
invited set is smaller, because solicitation becomes a more selective signal of advertiser-impression
match quality. As a result, when there are sufficiently many potential advertisers, the platform
optimally excludes one or more advertisers from the auction, even though doing so reduces the
number of submitted bids. This result departs from those derived from standard auction models in
that, when solicitation is informative, excluding some bidders can raise revenue by strengthening
the signal conveyed to those who are invited.

Next, we compare the main model with several benchmark models of various information
structures. In the first benchmark, the platform is fully informed while keeping the advertisers
only partially informed: the only difference from the main model is that the platform now also has
access to the advertiser-side component #;. In this benchmark, the platform’s private information
can no longer be transmitted through either the reserve price or bidder solicitation. The reason
is that the platform cannot credibly commit to a bidder-selection strategy based on its private
information. If advertisers believed that solicitation reflected the platform’s private information
¢;, the platform would have a profitable deviation to solicit bidders based on the commonly
observed 0; instead. Such a deviation would not change advertisers’ posterior beliefs about ¢;,
while allowing the platform to select bidders with higher advertiser-side values and thereby induce
higher bids. With no information conveyed through bidder selection, the invited advertisers may
bid less aggressively, which sometimes leads to a less efficient auction outcome and lower payoff of
the platform. Thus, additional information can hurt the platform by exacerbating its commitment
problem and undermining the credibility of bidder solicitation as an implicit signal.

In contrast, when advertisers are fully informed about their own values, the platform’s additional

information unambiguously benefits the platform. To show this, we compare two benchmark models



in which advertisers are fully informed: in one benchmark, the platform is only partially informed,
and fully informed in the other. In this case, bidder selection has no informational role because
bidders already know their exact values. The platform can therefore use its additional information
to set reserve prices that are more finely tailored to realized bidder-specific values, allowing it to
extract greater surplus.

Third, we study incentives to share private information, under the assumption that information—
if disclosed—can be verified and is therefore truthful. Advertisers are always worse off from sharing
their private information about #;: doing so moves the market toward a regime in which the platform
can infer their exact values and extract their surplus via reserve pricing. In contrast, the platform can
sometimes benefit from disclosing its private information about ¢;’s. When disclosure makes bidders
better informed about their own values, the platform can raise reserves and intensify extraction,
potentially increasing revenue. This asymmetry implies that, relative to advertisers, platforms
may have stronger incentives to disclose and disseminate value-relevant information. From a policy
perspective, this suggests that regulatory attention may be especially warranted on platform-side
data practices, where incentives to share information can be stronger.

Finally, we examine the role of platform commitment by analyzing a modified model in which
the platform can commit to a bidder-selection policy before realizing its private information. We
focus on two natural and interpretable classes of monotone strategies. The first is a “top-n” rule,
which was shown to be the equilibrium strategy without the platform’s commitment. The second
is a cutoff rule that invites all advertisers with ¢; > 7, where 7 is optimally chosen. We show
that, under the information structure of the main model with two-sided information asymmetry,
commitment strictly increases platform profits and that the optimal cutoff policy dominates the
optimal top-n policy. Commitment also affects information-sharing incentives. Under commitment,
the platform no longer wishes to disclose its private information, in contrast to the no-commitment
environment, where disclosure can be profitable in sufficiently thick markets. This suggests a
regulatory implication: when evaluating policies governing the sharing of user-level information with
advertisers or demand-side platforms, whether the ad exchange can commit to an auction design
rule needs to be considered together as it may fundamentally affect its incentive for information
sharing.

The rest of the paper proceeds as follows. The next subsection discusses related literature.



Section 2 introduces the main model and benchmark models. Section 3 characterizes the equilibrium
and presents the main results. Section 4 analyzes benchmark information structures and studies the
marginal value of information for the platform and advertisers. Section 5 examines the effects of
commitment and how commitment and information jointly determine the value of information and

the platform’s incentives to disclose. Section 6 concludes.

1.1 Related Literature

Our paper relates to several strands of literature on bidder selection, signaling, and information
disclosure in auctions and advertising markets.

First, our paper contributes to the literature on bidder selection and restricted participation in
ad auctions. In the context of real-time bidding, Chakraborty et al. (2010) study ad exchanges that,
due to latency and capacity constraints, call out only a subset of buyers for each impression and
choose that subset to maximize expected welfare or revenue based on predicted bid distributions.
Relatedly, Choi and Sayedi (2023) study restricted participation through private exchanges. Their
focus is on the publisher’s strategic decision of whether to sell through an open exchange, a private
exchange, or both. Our paper instead studies the ad exchange’s impression-level decision about
which bidders to solicit. This decision is not only a strategic auction-design choice that determines
who participates, but also a potential channel of credible information transmission: being included
in the auction allows invited advertisers to infer the exchange’s private assessment of their value for
the impression.

Conceptually closest to our paper is Lauermann and Wolinsky (2017), who study bidder
solicitation by an informed seller in a common-value first-price auction. They show that the act of
being solicited can itself convey information and affect competition. In their model, the seller is
informed about the quality of a good whose value is common to all bidders and chooses how many
bidders to solicit. Thus, from the mere fact of being invited, a bidder can draw positive or negative
inferences about the good’s quality, depending on the seller’s equilibrium solicitation strategy. Their
focus is on how this inference mechanism affects competition and information aggregation. Our paper
differs in both setting and mechanism. We study an online ad auction with bidder-specific private
values, where the platform’s private information concerns advertiser-specific match quality rather

than a common object value. Accordingly, our focus is not on whether dispersed bidder signals about



a common value are aggregated through the auction, but on whether bidder-specific information
held by the ad exchange can be credibly communicated in an opaque auction environment. Whereas
solicitation in their model may generate adverse selection about a common value, solicitation in
our setting can certify bidder-specific relevance and thereby strengthen bidding incentives among
selected advertisers.%

Related, Cai et al. (2007) study reserve-price signaling in an interdependent-values auction in
which the seller has private information about object characteristics that are relevant to bidders’
valuations. They show that the reserve price can serve as a credible signal: a seller with a higher
private signal sets a higher reserve price than a seller with a lower signal. The mechanism relies on
a type-dependent trade-off between a higher sale price conditional on sale and a lower probability of
sale, which prevents low types from mimicking high types. In our setting, however, the platform’s
private information concerns bidder-specific impression match rather than a common vertical
quality of the object. As a result, the reserve price cannot play the same signaling role. Instead,
the platform’s bidder-solicitation decision becomes the credible channel through which private
information may be transmitted.

Finally, our paper relates to the literature on targeted advertising and consumer inference.
Several papers study settings in which targeting itself becomes informative because consumers draw
inferences from the fact that they are targeted. Shin and Yu (2021) show that targeted advertising
can signal product value when advertisers have private information about consumers’ valuations.
Despotakis and Yu (2023) study multidimensional targeting with two-sided private information
and an unobservable targeting strategy, showing how consumer private information can discipline
firm behavior and facilitate credible communication. Ning et al. (2025) also analyze targeted
advertising under two-sided private information and show how consumer private information affects
strategic mistargeting and firm profits. Our paper shares with this literature the idea that selection
can become a signaling device, but studies it in a different market interaction: an ad platform

designs an auction environment for advertisers, rather than an advertiser targeting consumers. More

5Bidder participation is also an important design margin in other auction settings. In procurement, buyers often
have discretion over which suppliers to invite, prequalify, or exclude from bidding, and such discretion can affect
auction performance (e.g., Elmaghraby, 2005; Coviello et al., 2018). Related work on endogenous entry similarly
shows that participation shapes bidding behavior and revenue (e.g., Levin and Smith, 1994; Bajari and Hortagsu,
2003; Li and Zheng, 2009). Although our analysis is motivated by online ad auctions, these literatures suggest that
our insights may extend to other auction environments in which participation is actively managed.



importantly, we use this mechanism to study how opacity and implicit signaling affect the value
of information itself. In particular, we analyze when additional information benefits or hurts the
platform and advertisers, and how these effects depend on the platform’s ability to commit to
auction-design strategies.

Taken together, these streams of literature show that information disclosure, bidder participation,
and strategic inference are central to advertising and auction markets. Our paper builds on these
strands of research by studying an ad auction in which the platform’s private information is
implicitly transmitted through endogenous auction-design choices rather than direct disclosure. In
this environment, auction-design choices—especially bidder solicitation—can affect revenue not
only by determining participation, but also by shaping bidders’ beliefs. This mechanism allows
us to study how opacity and signaling affect the value of information for both the platform and

advertisers.

2 Model

2.1 Main Model

We study a game between an ad exchange platform (hereafter, the platform) and K > 2 advertisers,
in which the platform allocates a single ad impression through an auction. The platform can
strategically determine which advertisers participate and set a reserve price, informed by its private

knowledge of user conversion behavior. We now describe the primitives of the model.

Valuations. FEach advertiser ¢ € {1,..., K} has a value v; for the ad impression, representing the

expected payoff from having its ad displayed. We decompose this value as

v, =0; - ¢,

where ¢; € [0,1] is advertiser i’s conversion probability (the probability that a user who views
the ad takes a desired action, e.g. clicks, purchases, or signs up) and 6; € [0,1] is advertiser

i’s value per conversion (the payoff conditional on such an action). The 2K random variables



c1,...,CK,01,...,0K are mutually independent, each drawn from the uniform distribution on [0, 1].”

In particular, advertisers are ex ante symmetric.

Information Structure. The platform and the advertisers possess different types of private
information, giving rise to a two-sided information asymmetry. The platform observes the full
vector of conversion probabilities ¢ = (c1, ..., cx) but does not observe any advertiser’s value per
conversion. Each advertiser 7 privately observes its own value per conversion #; but does not observe
its conversion probability ¢;, nor does it observe any information about other advertisers. The
number of advertisers K, the distributional assumptions, and the information structure described
above are common knowledge among all players.

This information structure reflects institutional features of online advertising markets. Platforms
possess rich user-level data (including browsing history, past ad engagement, and contextual signals
such as device type, time of day, and ad placement) that enable accurate prediction of conversion
probabilities. Individual advertisers, by contrast, observe only the outcomes of their own campaigns
and lack the cross-platform data needed to estimate user-level conversion rates. Conversely, the
value per conversion reflects proprietary business information (such as profit margins, customer
lifetime value, inventory positions, and promotional strategies) that is better known to the advertiser

than to the platform.

Platform’s Decisions. The platform’s strategy has two stages, reflecting the distinction between
system-level policy choices and impression-level decisions.

In the first stage, before the realization of c, the platform commits to the number of advertisers
n € {1,..., K} that will be invited to the auction.® The choice of n is made without knowledge of
the realized conversion probabilities or values per conversion.

In the second stage, after observing c, the platform makes two impression-level decisions. First,

"The uniform distribution assumption makes the analysis more tractable and allows us to derive closed-form
solutions. This enables clear comparisons across information structures, allowing us to isolate the roles of information
and commitment.

8This timing assumption reflects a salient feature of programmatic advertising markets, where the number of bid
requests dispatched per impression is governed by system-level parameters, such as traffic-shaping configurations,
computational budgets, and exchange policies, that are set in advance and applied uniformly across impressions.
Similarly, platforms such as Google Ads determine the size of the candidate pool through algorithmic thresholds that
do not vary on an impression-by-impression basis. The platform retains the flexibility to determine which advertisers
to invite based on real-time signals, but the scale of participation is a policy-level commitment.



it selects a set of n advertisers to invite, according to a selection rule S : [0, 1]% — ([Is}) that maps
the realized conversion probabilities to a subset of exactly n advertisers. Second, it sets a reserve
price r > 0 that serves as the minimum acceptable bid; the reserve price may depend on ¢ through
a mapping 7 : [0,1]% — R,. Each invited advertiser i € S(c) observes that it has been invited, the
number of participants n, and the reserve price r. Importantly, it does not observe the platform’s
selection rule S or the conversion probabilities c. Instead, it holds beliefs about the selection rule,

denoted S.

Auction Format. The impression is allocated through a second-price auction with reserve price
r. Each invited advertiser ¢ € S(c) simultaneously submits a bid b; > 0. The highest bidder wins
the impression, with ties broken uniformly at random, and pays max{r, b(Q)}, where b? denotes
the second-highest bid among the invited advertisers (with b2 =0 if only one advertiser is invited).
If all bids fall below r, the impression goes unallocated and no payments are made. Advertisers not

in S(c) do not participate.

Payoffs. The platform’s payoff equals the payment collected from the winning advertiser, or zero
if the impression is unsold. FEach advertiser ¢ is risk-neutral: it receives a realized payoff of v; — p; if
it wins the impression and pays p;, and zero otherwise. The platform seeks to maximize expected

revenue, and each advertiser seeks to maximize expected payoff.

Game sequence. The game proceeds as follows:
1. The platform chooses the number of bidders n € {1,..., K}.”

2. The random variables ci,...,ck,01,...,0k are drawn independently from the uniform distri-

bution on [0, 1]. The platform observes c, and each advertiser i privately observes 6;.

3. The platform selects a set S(c) C {1,..., K} with |S(c)| = n and sets a reserve price r > 0.

Both decisions may depend on the realized c.

4. Each invited advertiser i € S(c) observes (n,r) and submits a bid b; > 0. Uninvited advertisers

do not participate.

91f n is chosen after the realization of c, then it can potentially act as a signal to the advertisers. Under this
alternative timeline, the equilibrium structure becomes more complex, however our main results remain robust.

10



5. The highest bidder among those with b; > r wins the impression and pays max{r, b®}. If no

bid meets the reserve, the impression goes unsold.

Strategies and Equilibrium. A strategy for the platform consists of three components: (i) a
number of invitees n € {1,..., K}; (ii) a selection rule S : [0,1]% — ([5}) mapping the realized
conversion probabilities to a set of exactly n advertisers; and (iii) a reserve-price rule 7 : [0, 1]% — R,
A strategy for advertiser ¢ maps each triple (6;,n,r) to a bid b; > 0.

Because the platform’s selection and reserve-price decisions may depend on c, the observable
auction design choices can be endogenously informative: an invited advertiser can rationally update
its prior belief about its own conversion probability ¢; based on the observed r and the anticipated
selection rule S. Although n is chosen before ¢ is realized and therefore does not signal the realized
conversion probabilities, it may affect the informativeness of invitation.'® In equilibrium, these
inferences must be consistent with the platform’s actual behavior.

We analyze the game using the concept of perfect Bayesian equilibrium (PBE). A PBE consists
of a strategy profile and a system of beliefs, specifying each invited advertiser’s posterior distribution
over its own conversion probability upon observing (n,r), such that: (i) the platform’s choice of
n maximizes ex ante expected revenue, and for each realization c, its choices of §*(¢) and r*(c)
maximize expected revenue given the advertisers’ bidding strategy; (ii) for each (6;,n,r) and the
advertisers’ posterior beliefs about their own ¢;, g(- | r, n,g), the bidding strategy 8* maximizes
expected payoff; and (iii) invited bidders’ posterior beliefs g(- | r, n, S ) are derived from the platform’s
strategy via Bayes’ rule wherever applicable. In general, the game admits multiple equilibria; we
focus on the platform-optimal PBE, i.e., the equilibrium that maximizes the platform’s expected

revenue.

3 The platform-optimal equilibrium

It is well known that in a second-price auction, bidding one’s expected value is a weakly dominant
strategy, irrespective of beliefs about other bidders’ strategies (Vickrey, 1961; Milgrom and Weber,

1982). Invited advertisers observe the reserve price r and the number of bidders n. They do not

YHow n factors into the advertiser’s belief updating is provided in Section 3.
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observe the conversion probabilities ¢; or the platform’s selection rule S, but hold beliefs S about
the selection rule. In equilibrium, these beliefs are correct: S = S*.

Since n is chosen before c is realized, it carries no information about the conversion probabilities.
The reserve price r, however, is set after the platform observes ¢ and could in principle convey
information. Based on the fact that it has been invited, together with the observed r and the
anticipated S, each bidder i updates its belief about its own ¢;. Two observations simplify this
updating. First, in a second-price auction, only bidder i’s own ¢; is relevant for its bidding decision.
Second, the ex ante symmetry of advertisers and the fact that all invited bidders receive the same
signal (n,r) imply that they share a common posterior belief about their own c;.

We denote this common posterior by g(- | r,n,S), a distribution over [0, 1], and write g(-) for
brevity when the conditioning variables are clear. Given this posterior, the optimal bid of advertiser

1 is its expected value for the impression:
bi(6;; T, n,g) =Ev; | r,n,g] = ¢4 0;, (1)

where ¢4 := Ey[c;] is the posterior mean conversion probability. Although all bidders share the same
belief about ¢;, they submit different bids because their values per conversion 6; are heterogeneous
and privately observed.

From the platform’s perspective, each advertiser’s bid is a random variable with CDF Fp(x) =
x/¢q on [0, ¢y], since 0; follows a standard uniform distribution. The platform’s expected revenue,

given n invited bidders and reserve price r, is therefore:

m(n,r; Cg) =1 Pr[X,_1) <7 < X(py] + /Cg x- fX(nfm(*'E) dx
L )
:r(lFB(r)”)+/ (1anB(1:)”_1+(nfl)FB(x)") dx,

T

where X ;) denotes the k-th smallest among n i.i.d. draws from F B
The key feature of this revenue expression is the posterior mean ¢,, which governs the upper
bound of the bid distribution. Without selection effects, the prior mean is E[¢;] = 1/2. When

bidders rationally account for the fact that they were selected, ¢, exceeds 1/2, leading to higher

"The first line holds by definition: the platform earns r if only the highest bid exceeds r, and earns the second-highest
bid if both the highest and second-highest exceed r. The second line follows by integration by parts.
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bids and greater platform revenue. Importantly, the revenue depends on the posterior only through
its mean ¢4, not on the full distribution g(-). It also depends on the number of bidders n and on the
anticipated selection strategy S (through ¢4), but not on the platform’s actual strategy S.

We now characterize the platform-optimal PBE. The analysis proceeds in three steps: we first
derive the optimal reserve price for given beliefs, then show that the reserve price is uninformative
in equilibrium, and finally determine the optimal selection rule and number of bidders.

The first result establishes that the platform’s optimal reserve price takes a simple closed form,

depending only on the posterior mean ¢, and the number of bidders n.

Lemma 1 (Optimal reserve price). For a given number of bidders n > 1 and posterior mean ¢q > 0,

‘ . ‘ . _ . ‘ .y .
the revenue function mw(n,r; ¢4) is strictly concave in r on [0, ¢,], with unique maximizer r* = ¢4/2.
The mazimized revenue is

1
(n—l)—i-ﬁ

(1) ®)

' (n; ¢g) = &g - a(n), where a(n):=

The optimal reserve is simply half the expected bid ceiling. This is a natural analogue of the
classical Myerson optimal reserve for the uniform distribution, adapted to the setting where the bid
distribution has support [0, ¢,] rather than [0, 1].

An important implication is that maximized revenue is linear in the posterior mean ¢,: any
strategy that inflates bidders’ beliefs about their conversion probability by a factor scales the
platform’s revenue by the same factor. The multiplier a(n) € (0,1) is strictly increasing in n,
reflecting the competitive effect of additional bidders.

In our model, the reserve price is set after the platform observes ¢ and can therefore serve
as a signal about the conversion probabilities. The next result shows this cannot occur in the

platform-optimal equilibrium.

Lemma 2 (No signaling through the reserve price). In the platform-optimal equilibrium, the reserve
price is constant across all realizations of c. The reserve price reveals no information about the

conversion probabilities to invited advertisers.

The intuition relies on the linearity established in Lemma 1. Suppose the platform tried to

signal information through the reserve price, using different values of r for different realizations of c.
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Since the platform’s actual revenue depends only on (n,r,¢;) and not on the realized c directly,
the platform can freely choose any on-path reserve price regardless of the state. Optimality then
requires that all on-path actions yield identical revenue; otherwise, the platform would deviate to
the highest-revenue action in every state.

Now, signaling creates dispersion in posterior beliefs: some on-path actions induce beliefs above
the unconditional mean ¢4, others below it. Because revenue is linear in beliefs, this amounts to a
mean-preserving spread of the platform’s payoff across actions. But the equal-revenue constraint
pins the platform’s payoff at the revenue achievable under the lowest posterior mean. Since the
lowest posterior must be strictly below ¢, whenever the signal is informative, the platform’s revenue
is strictly below what it would achieve by pooling. In other words, the platform would prefer to
“hide” its information and keep bidders’ beliefs at the unconditional level ¢4, which it can achieve by
setting a constant reserve price.

With the reserve price pinned down, we turn to the platform’s choice of which n advertisers
to invite. Since the platform’s revenue is linear in ¢, (Lemma 1), the selection rule matters only
through its effect on the posterior mean: the platform should select the rule that maximizes the

expected conversion probability of invited bidders, conditional on selection.

Lemma 3 (Optimal selection rule). For a fized number of bidders n, the selection rule that
mazimizes Cq 1s to invite the n advertisers with the highest conversion probabilities. Under this rule,

the posterior mean is
2K —n+1
¢ = - 4

Moreover, the platform has no profitable deviation from this rule: since bids depend on the privately

observed 0;’s (which are i.i.d. across all advertisers and independent of ¢; ), the platform’s revenue is

the same regardless of which n advertisers it actually selects, given fixed beliefs.

The first part of the result is straightforward: to maximize the posterior mean of a selected
advertiser’s ¢;, the platform should select advertisers with the highest realized ¢;’s. The sum of the
top n order statistics of any collection of numbers is maximized by choosing the n largest, and this
pointwise optimality carries over to expectations.

The second part (incentive compatibility) follows from independence between the platform’s

private information (c) and the advertisers’ private information (6;). Because bids equal ¢, - 6;, and
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the 6;’s are i.i.d. regardless of which advertisers are selected, the distribution of submitted bids
(and hence the platform’s revenue) is invariant to the actual selection. The platform is therefore
indifferent across all selection rules of size n, making the top-n rule trivially sustainable.
Combining the three lemmas, the platform’s optimization reduces to a single variable: the
number of bidders n. The platform faces a fundamental trade-off. Inviting more bidders increases
competition, captured by the increasing factor a(n), but dilutes the selection effect, as the posterior

mean ¢q(n) = (2K —n+1)/(2(K 4 1)) is decreasing in n. The optimal n* balances these two forces.

Proposition 1 (Platform-optimal equilibrium). The platform-optimal PBE is unique (up to off-path
beliefs and, when I1(-) has multiple mazimizers, the choice among them) and is characterized as

follows:

1. The platform invites the n* advertisers with the highest conversion probabilities, where n*

maxrimizes
2K —n+1 (n—1)+ 5
Ti(n) = RUinbOhs 5)
2(K +1) (n+1)
over n € {1,...,K}. The number of invitees n* is independent of the realized c.
2. Fach invited bidder’s posterior mean conversion probability is cg = %
3. The platform sets the reserve price to r* = %, constant across all realizations of c.

4. Each invited bidder bids 3*(6;) = 6; - %

Next, we focus on the optimal number of invited advertisers n*. We start with a general

Proposition 2 and then we identify the optimal n* in Proposition 3.

Proposition 2 (Optimal number of bidders). Optimal number of bidders: For K < 3, it is
n*(K) = K (i.e., the platform invites all advertisers), whereas for K > 4, it is n*(K) < K (i.e.,

the platform will not allow all advertisers to participate in the auction).

The main takeaway of Proposition 2 is that for K > 4 the platform finds it optimal to select
a strict subset of all advertisers to participate in the auction. This is because the platform can
induce greater bids from the advertisers when it keeps the group of participating bidders more

selectively—more precisely, providing the invited advertisers with the perception of belonging to a
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more selective group. More specifically, upon being invited, advertiser 7 updates belief about its
¢; being among the top n* advertisers’ ¢;’s and thus increases its expected value from the auction
(and its bid). So, the platform faces a tradeoff. Holding everything else constant, inviting an
additional advertiser to the auction increases its revenue (i.e., the second highest bid) in expectation.
However, keeping the group of bidders more selective improves the invited advertisers’ inferences
and, consequently, their bids. For a small enough K (< 3), the benefit of including all advertisers in
the auction outweighs the benefit of inducing positive inferences from advertisers, and therefore the
platform will invite all advertisers to the auction by setting n*(K) = K. However, for K > 4, the
platform is better off inviting a strict subset of advertisers.

Next, we characterize the platform’s optimal number of bidders n*(K) for a given number of
advertisers. This analysis is a priori not trivial because n* has to be a non-negative integer and thus
cannot entirely rely on the first-order condition of the platform’s profit function. Moreover, even if
we start with the first-order condition, it does not offer a clear explicit formula for n*. Nevertheless,

the next lemma further characterizes n*(K).

Proposition 3 (Optimal n*). Let {p;}r>0 be the sequence defined by the formula:

1(k*+3k—4) , if k> 8 and (k mod 4) € {0,1},
Pk =
|3(k? + 3k)] , otherwise.

The sequence {py}r>0 is strictly increasing. Then, for any integer K > 1, the optimal n*(K) is the

unique integer k such that pp_1 < K < pi.'? Using asymptotic notation, it is n*(K) ~ 2V K.

Given the optimal n*(K), Corollary 1 characterizes the platform’s profit, the advertisers’ surplus,
and the social welfare. The platform’s profit is the winner’s payment, which is the maximum of the
second highest bid and the reserve price. Note that the surplus of all advertisers except the winner
of the auction is zero. Thus, the total advertiser surplus is the surplus of the winner, which is the

highest value minus the payment. Thus, the social welfare is the expected value of the winner.

Corollary 1. The expected equilibrium profit of the platform, the total surplus of the advertiser and

12The first few terms of the sequence {n*(K)}x>1 are as follows: 1,2,3,3,4,4,4,5,5,5,6,6,6,7,7,7,7,8,8,8,8,9,.. ..
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the social welfare are as follows:

(2K—n*+1)(n*—1+2%> . (2K—n*+1)<1—2n’%—2%>
2(n* + 1)(K +1) ’ 2(n* + 1)(K + 1) ’
n*(2K —n* + 1) (1 - ﬁ)
2(n* + 1)(K + 1)

I (n*, K) = (n", K) =

SW*(n*, K) = II*(n*, K) + A*(n*, K) =

Provided with the social welfare, we can characterize the optimal social number of bidders n**,
the details of which are relegated to Lemma 10 in Appendix A.1. The next corollary shows that the

platform-optimal number of bidding advertisers is greater than the socially optimal number.

Corollary 2. It is n* < n* (with a strict inequality for K > 8). In other words, the number of
advertisers that mazximizes social welfare is lower than the number of advertisers that maximizes

revenue.

The result that n*® < n* shows a difference in how the platform and the social planner value
competition. Both the platform’s revenue and social welfare share the same signaling component:
both are proportional to the posterior mean ¢4(n), which is decreasing in n. Thus, both the platform
and the social planner face the same cost of adding an additional bidder (diluting the informativeness
of solicitation). However, they differ in the marginal benefit of competition. The platform’s revenue
depends heavily on the second-highest bid (the competitive pressure that determines the winner’s
payment), while social welfare depends on the highest bid, i.e., the value generated by the winner.

Adding a bidder has a larger marginal impact on the second-highest order statistic than on the
first-highest. Formally, the competition multiplier c(n) (which governs revenue) increases faster
in n than the efficiency multiplier ;% (1 — #) (which governs welfare).!® Because the platform
benefits more from each additional competitor, it optimally invites more bidders than the social

planner would, tolerating a weaker signal in exchange for stronger competitive pressure on payments.

4 Value of information and other benchmark models

In this section, we analyze models of alternative information settings that will help us understand

the value of information in various scenarios. We label each model by the information available to

3For large n, the marginal gain from competition for the platform is approximately 2/(n 4 1)?, whereas the marginal
gain for social welfare is approximately 1/(n + 1)
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the platform and the advertisers, respectively.!?

Benchmark 1 (Fully-informed platform, Py;;, Ag). The platform observes both ¢ = (c1, ..., cx) and
0 = (01,...,0k), while each advertiser i observes only 6; (as in the main model). This benchmark

allows us to assess the value to the platform of learning the advertisers’ private information.

Benchmark 2 (Fully-informed advertisers, PoA,r). The platform observes ¢ as in the main
model, while each advertiser 7 observes both ; and ¢;, and hence knows its value v; = 6;¢;. This
benchmark allows us to assess the value to advertisers of learning their own conversion probabilities.
Because each advertiser knows its value, the auction operates as a standard second-price auction

with independent private values, however the reserve price can depend on c.

Benchmark 3 (Full information, Pa;Aan). The platform observes both ¢ and 6, and each
advertiser ¢ observes both ¢; and ;. This benchmark provides a full-information reference point in

which all market participants are maximally informed.

4.1 Fully-informed platform and partially-informed advertisers

Lemma 4 (Model P, Ag). In a model where the platform knows both ¢;’s and 0;’s of all advertisers,
the platform cannot convey any information about the advertisers’ ¢;’s through its choice of n. It is
weakly dominant for the platform to invite all K advertisers to the auction. Then, the platform sets
the reserve price so that it extracts the full surplus of the advertiser with the highest expected value.

Specifically,
1. The advertiser’s equilibrium bidding function is By, = ., (0i) = 0;/2;
2. The platform sets the reserve price to ry, =, = max;t;/2;

3. The platform’s profit is II} = K/(2(K + 1)) and the advertiser surplus A% =0.

ParLAe ParLAe

In this scenario, both the platform and each advertiser know the advertiser’s 6;, whereas only
the platform knows the advertiser’s ¢;. In contrast to the main model, the platform’s equilibrium
selection strategy cannot depend on the realized ¢;’s and thus cannot convey information about their

¢;’s through its observable choice of n bidders. This is because even if the advertisers believed that

MEor instance, Pc Ae denotes the main model in which the platform observes ¢ and each advertiser observes ;.
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the platform’s selection strategy depended on the ¢;’s, the platform has a profitable deviation to
select advertisers with the highest commonly known 6;’s, not ¢;’s. In other words, once the platform
knows 6;, it cannot commit to not using this information to select the set of bidders in the auction,
irrespective of what the advertisers believe about the platform’s strategy.

To understand this result, let ¢ be an invited bidder’s posterior expectation for ¢;. Then, its
optimal bidding follows §;(#;) = ¢, - ¢;. This looks the same as Equation (1), but a key difference is
that, in this model, #; is commonly observable to the platform and the advertiser . Since ¢ remains
unchanged for any deviation by the platform, these bids are deterministic. Thus, the platform will
induce maximum bids from the n bidders if and only if it selects n bidders with the highest 6; values.
Thus, in equilibrium, no information about ¢;’s can be credibly conveyed to the advertisers through
inviting certain advertisers to the auction.

Given the deterministic bids, the advertiser with the highest 6; will win the auction, and this
advertiser’s value (and the optimal bid) is known to the platform. Thus, the optimal strategy for
the platform is to extract the full surplus of this advertiser by setting a reserve price equal to its
value max; 6;/2 (or an infinitesimal amount below this level). Thus, the advertiser surplus is zero,
and the platform’s expected profit is E[max; 0;/2] = K/(2(K + 1)) as 6; follows a standard uniform
distribution on [0, 1].

We now compare the payoffs of this model with those of the main model.

Proposition 4. When compared to the main model, it holds that A}, > Ap, 4, for oll K and
e ag = W5, ag for K > 8. Thus, the marginal value of the information about the advertisers’ 6;

to the platform is negative for K large enough.

Given the previous discussion, it is straightforward that the advertisers are worse off when the
platform knows all compared to the main model with two-sided information asymmetry. More
interestingly, additional information can backfire and harm the platform. Therefore, when there is a
sufficiently high number of advertisers, it is better for the platform not to learn the advertisers’ 6;’s
even if obtaining this information is free. Thus, when the default environment is the main model
denoted by PoAg, the marginal value of the #;,—information is negative for the platform if K > 8.

It can be shown that the platform’s equilibrium payoff increases faster in K in the main model

than in this benchmark model. In the main model, for K large enough, even if the platform left out
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some advertisers from the auction, the platform would still have enough number of bidders and
enjoy the benefit from the bidders making positive inferences from being selected. Thus, for K > 8,
the platform’s payoff in the main model is greater than that in this model with the platform’s access

to additional information about 6;.

4.2 Partially-informed platform and fully-informed advertisers

Next, we analyze a different model PoA,.;, in which each advertiser now knows both its ¢; and
f;. By comparing the equilibrium of this model with that of the main model, we can identify the
marginal effect of the access of advertisers to additional information about their #; information.

Each advertiser now knows its own ¢;. Thus, no information is transmitted from the platform to
the advertisers, which implies that the platform wants to invite all K advertisers as bidders. This
leads to another distinction that the optimal reserve price can now be a function of the realized
¢;'s. 1P

More specifically, in PoAaLL, we essentially have an auction with K advertisers with different
upper bounds in their valuations; from the platform’s perspective, advertiser i’s valuation is uniformly
distributed in [0,¢;]. In the proof of Lemma 5, we characterize the process through which the

optimal reserve r¥ is exactly pinned down for the general case with different realized values of
PocApLL

¢;’s. Subsequently, Proposition 5 compares the payoffs of this model with that of the main model.

Lemma 5 (Model PoAary). In equilibrium, the platform will invite all K advertisers and set the
reserve price to 1y, Ay Which is determined by the realized values of ¢;’s according to Algorithm 1

in Appendiz A.1. Advertisers’ bidding function is Bp,a,,, (0i,c;) = 0; - ¢;.

Proposition 5. Comparing the main model PcAe and model Pc Ay, we have I}, <% ,
(for K > 8) and A} _,., < Abpay, - Thus, for K < 8, the advertisers’ access to additional

information about c;’s benefits only the advertisers, whereas for K > 8, it benefits both the platform

and advertisers.

Proposition 5 implies that given the main model as the default setting—with the two-sided

information asymmetry—the advertisers are always better off with additional information about

151n the main model, too, potentially the reserve price could also depend on ¢;’s as a signaling device, but we
showed that the platform-optimal equilibrium involves a constant reserve price because signaling through the reserve
is dominated by pooling.
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¢;’s. The effect is more nuanced for the platform, but nevertheless it is interesting that it can also
benefit the platform. That is, the platform may sometimes want to provide information about ¢;’s
to the advertisers even if it means that its access to information becomes inferior to that for the
advertisers. Thus, information disadvantage does not necessarily lead to a worse situation for the
platform.

This is because the advertisers’ additional access to the ¢; information comes with an economic
tradeoff. On the one hand, it makes all advertisers fully informed about their valuations, which
they bid. Also, it eliminates the credibility problem, and this enables the platform to invite all K
advertisers. On the other hand, in the main model the platform excludes some advertisers, and this
exclusion creates signaling value that causes each invited bidder to bid more aggressively than they
would in the PoA,, model. As K increases, the former effect acting positively for the PoA,LL
model outweighs the latter negative effect, thus leading to an existence of a cutoff for K above

which the platform’s payoff is higher for any K above it.

4.3 Fully-informed platform and fully-informed advertisers

We now analyze the last benchmark model of this section, the complete information environment in
which the advertiser’s ¢; and 6; are known to both the advertiser and the platform. There is no
room for the advertisers making inferences from any observation—including the reserve price r, the
number of invited bidders n. The platform knows each advertiser’s exact value to be v; = 6; - ¢;.
Thus, it will extract surplus of the advertiser with the highest value, i.e., max; 0; - ¢;, by setting the

reserve price equal to this value.

Lemma 6 (Model Py Axrr). In equilibrium, the platform will set the reserve price equal to
max; 0; - ¢;. The advertiser’s bidding function is Bp,  a,,, (03, ci) = 0;-c;. The platform’s equilibrium

payoff is I1% =1- Ei{:o # and the advertiser surplus A% =0.

PALLAALL K+1)k+1 PALLAALL

The next proposition examines the value of marginal information for the platform and the

advertisers when their counterpart knows all.

Proposition 6. It holds that 1T}

*
PocAaLL — TTPALLAALL

and A% = A = 0. That is, if

PaLLAe PALLAALL

the advertisers know all, the platform is better off with additional information about 6. On the
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other hand, if the platform knows all, the advertisers are indifferent whether they have additional

information about c;.

The proposition shows that the marginal value of information can be meaningfully different
depending on how much information the counterpart has. When advertisers know all about their
values, the platform is better off having additional information about 6. Recall that the same
wasn’t true in Proposition 4 when the platform faced advertisers that know their 6;’s only. Likewise,
the result about the value of information to the advertisers is not the same as before. Here,
facing an ad platform that knows all, the advertisers are indifferent whether they have access to
additional information, and thus the value of additional information about ¢;’s is zero. However, in
Proposition 5 when the platform only knows the advertisers’ ¢;’s, the value of information about
¢;’s to the advertisers was positive. Thus, these results together imply that each party’s strategic
decision for acquiring additional information and accessing economic value of information, the overall
information structure in the market—i.e., what other parties know and what they don’t—should also
be considered. Also, the debate and investigation for how to regulate data transparency—e.g., which
type of information and whose information to be made public and accessible to other stakeholders—
must take into account the current status of information structure and the stakeholders’ strategic

incentives to acquire new information or to share their private information.

4.4 Information acquisition and information disclosure

The next result is based on analysis of a game where the platform and advertisers could choose the
set of information to which they have access. More specifically, the platform can choose between

¢;’s and all information, whereas the advertisers can choose between 6;’s and all information.

Corollary 3 (Information acquisition). In a game in which both the platform and the advertisers
can choose its information set between (C, ALL) and (©,ALL), respectively, pure-strategy Nash
equilibrium is identified as follows: For K > 8, (ALL, ALL) is the unique equilibrium. For K < 8,

(ALL, ALL) and (ALL,®) are equilibria. In any equilibrium, the advertiser surplus is always zero.

Thus, in any equilibrium of this game, the platform will obtain all information and secure

positive surplus, whereas the advertiser surplus will be fully extracted.
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Next, we analyze a game in which each party simply decides whether to reveal its private
information. So, the platform chooses whether to share its C' information with advertisers and the

advertisers © information with the platform.

Corollary 4 (Information disclosure). In a game where the platform and the advertisers decide
whether to share their private information with the other party, for K > 8 the unique equilibrium is
the platform sharing its information but the advertisers don't, i.e., PoAa,. For K < 8, neither the

platform nor the advertisers share their private information, thus leading to the environment PcAg.

It is direct from the previous corollary that the advertisers do not want to share their private
information with the platform because, if they did, that would make the platform all-knowing and
their surplus will then be fully extracted. Given that the advertisers will keep their information
private, Proposition 5 guides us what the platform’s equilibrium strategy will be. For K > §,
the platform will share information about ¢;’s, which mitigates information asymmetry about it,
which makes the auction outcome more efficient. Moreover, it allows the platform to invite all K
advertisers and thus potentially make the bids more competitive. Otherwise, if K < 8, then the
platform will choose not to share its private information and rely on selective invitation to the
auction as a credible signal and consequently induce higher bids from the invited advertisers.

Unlike the information acquisition game analyzed in the previous corollary, the information
disclosure game results in equilibrium with positive surplus for the advertisers. This indicates that
advertisers will be more invested in keeping their data private than the platform will be about its
data. This result provides implications for the regulators in that their efforts to limit data-sharing
activities without user consent could be more concentrated on the behaviors of the platforms than

on the advertisers.

5 Impact of commitment in ad auctions

In this section, we investigate a model in which the platform can commit to a strategy as a mapping
from a realization of ¢ = (¢, ca, ..., cx) to a set of bidders participating in the ad auction and a

reserve price.

Benchmark 4 (Platform commitment, P& Ag). The information structure is identical to the
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main model: the platform observes ¢ and each advertiser ¢ observes #;. However, the platform can
publicly commit, before the realization of (c, @), to a selection rule and a reserve-price rule, both of
which may condition on the subsequent realization of ¢.'® Because the committed rules are publicly
known, invited advertisers can directly compute their posterior beliefs about ¢; without strategic
inference, eliminating the signaling effects present in the main model. This benchmark allows us to

understand the impact of commitment for the platform.

Unlike in the main model, the platform’s committed strategy is publicly observable, so the
platform cannot unknowingly deviate to an alternative strategy. We aim to characterize the
equilibrium in this game and then compare it with the equilibrium of the main model without
commitment, which will help us understand the impact of commitment in the platform’s strategy

for choosing the bidders based on the information it can access.

5.1 Analysis of commitment equilibria

The set of feasible strategies in this case can be larger than in the case without commitment because
a strategy can be any mapping from the realized value of ¢;’s without having to worry about
credibility. Nevertheless, it must be true that, all else equal, the platform prefers an advertiser with
a higher ¢; to participate in the auction. Thus, the optimal selection strategy of the platform must
be monotone in the sense that an advertiser with a higher ¢; is more likely to become a bidder.

Note that the equilibrium selection strategy of the non-commitment case in Section 3 is a type
of threshold strategy, where the threshold is determined by the rank order of realized ¢;’s, i.e., a
relative threshold. There exists another type of cutoff strategy where the threshold is an absolute
level 7. For example, 7 = 0 results in all K advertisers participating in the auction with probability
1; 7 =1 in no bidder with probability 1. Otherwise, 7 € (0, 1) results in a distribution over the
number of bidders and the distribution over ¢; conditional on being selected as a bidder.

We restrict our attention to these two classes of threshold strategies: one cutoff strategy based

on rank order of realized ¢;’s and another based on an absolute cutoff 7.7 The former, we refer to

16To make the game sequence under commitment more explicit, steps 1 and 3 in the game sequence of Section 2.1
are combined together as step 1, and the platform can commit on the functions S(c) and r(c). Note also that in
benchmark Pg"MA@ the number of invited bidders n is not necessarily fixed and can depend on the realized c.

'"Tn general, a selection strategy can take a more complicated form. For instance, it can combine these two classes
of strategies for different sets of realizations of ¢;’s. The analysis of general strategies is beyond the scope of this
research and is reserved for future research.

24



as “top n-strategy,” has already been analyzed in Section 3.

In the latter class of strategy, which we call a threshold strategy with a cutoff 7, upon being
included as a bidder, the advertiser’s posterior distribution for its unobserved ¢; is a uniform
distribution on [, 1]. Thus, each bidder’s optimal bidding is 8(6;) = ;- (1 + 7)/2. The probability
that the number of bidders will be n is precisely (5 ) (L—7)"- 7E=n) This provides us with the
distribution of the number of bidders in the auction, which allows us to compute the platform’s
expected payoff from the auction. The platform will then choose the cutoff 7 to maximize its

expected payoff.
Lemma 7. Given a threshold strategy with the absolute cutoff 7%,

1. The advertisers’ equilibrium bidding strategy is B(0;) = 6; - (1 + 7%)/2.

2. The platform’s optimal reserve price is r* = (14 7*) /4.
2 Th lat ’ ted - TH *\ __ 1+7* K 14+7* 1 1+7* K+1

. The platform’s expected payoff is PgQMA@(T == fa - 2 tra ( 5 ) )

*\ K+1
, o - (B2) T 24K (1-77)
4. The advertiser surplus is APgOMA(_) (%) = SR =)
~ ~ - * 1y 114\ K (1+2T* T
5. The social welfare is SWPgO“'Ae (7") = =5~ |1—3 ( 5 ) + A= |-
The equilibrium cutoff level T* satisfies the first-order condition OTI™ (1)/0T = 0 when

PgOMA(_)

evaluated at T = 7*.

By the virtue of commitment, it is straightforward that the platform is weakly better off with
commitment than without commitment. Given that the “top n advertisers” based on realized ¢;’s is
the platform-optimal strategy in an environment without commitment, the equilibrium payoff of
the platform in the commitment case (among all possible commitment strategies) must be weakly
higher than the “top n advertisers” strategy. However, whether the platform will obtain a higher
payoff in an equilibrium within a particular class of strategies—particularly, an absolute cutoff
strategy—compared to the optimal “top n-strategy” is not so trivial. Nevertheless, the result
below shows that the absolute cutoff-strategy equilibrium with commitment is always better for the

platform than the optimal top n-strategy (which also is the equilibrium without commitment).

Lemma 8. Consider the following two selection strategies for the platform:
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o A threshold-t strategy: The platform invites all advertisers with ¢; > 7.
o A top n-strategy: The platform invites the advertisers with the top n highest values of ¢;.

Let 7* € [0, 1] be the optimal threshold for the threshold-T strategy and n* € [1, K] be the optimal
integer for the top-n strategy. When there is commitment, the platform will always choose the

threshold-t* strategy rather than the top-n* strategy.

5.2 Comparison of commitment value vs. information value

Finally, we compare the value of commitment with the value of a better information structure to
the platform. From the previous analysis provided with no commitment, we know that the platform
is better off sharing its private information about ¢; than acquiring additional information about 6;

(for large enough K).

Lemma 9. The ability of the platform to commit on a selection rule leads to higher revenue
than its ability to truthfully communicate the values of ¢; to the advertisers. In other words,

*
PEMAg PoApLL”

This result finds that the value of commitment to the platform can be substantial, and it can
be more valuable than sharing its private information with the advertisers, which results in a
better information environment without commitment. This result is more interesting because in
the (C, ALL) environment, the advertisers’ ¢; information is public, and the platform is indifferent
whether it has commitment or not. And, we show that under commitment, the platform is weakly
better off facing partially-informed advertisers than fully-informed advertisers. This is because there
exists a reserve-pricing strategy to which the platform can commit that reveals ¢ precisely, and the
information environment becomes (C, ALL). This result is in contrast to the non-commitment case
in Proposition 5 which shows that the platform can be better off facing all-knowing advertisers for
thick markets. In other words, the platform would only want to share its private information if it

did not have the commitment.

8Note that Lemma 9 relies on the platform using an unrestricted commitment strategy. H’}‘DCOM N is the optimal
C [S]

revenue over all commitment strategies, which can be higher than II",,, . (7"), the optimal within the threshold

P§ A(_)(

class. In fact, as we can see in Appendix A.2, for large enough K, 1", . (7%) is lower than ITH 4, -
PMAg CAALL
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6 Conclusion

This paper studies ad auctions in an opaque information environment characterized by two-sided
information asymmetry and the platform’s lack of commitment power. In this environment, we
examine how the platform’s private information can be credibly transmitted to the advertisers
through the platform’s auction designs as observable signals. Moreover, we investigate how this
mechanism affects the value of information for the platform and the advertisers.

Our analysis produces several core findings. First, selective invitation to the auction functions as
an endogenous signaling mechanism. Because advertisers can rationally infer that their conversion
probability is likely to be high conditional on being invited, a more exclusive group of bidders leads
to more aggressive bidding. This creates a tradeoff for the platform between competition (more
bidders) and inference (higher individual bids), and we show that for markets with four or more
advertisers, the platform optimally excludes some advertisers from the auction. Second, the value
of information to each party depends on the overall information structure, i.e. on what the other
side of the market knows. Surprisingly, the platform can be harmed by learning the advertisers’
private valuations, because doing so undermines the credibility of its selective invitation as a signal
about conversion probabilities. Conversely, when advertisers gain access to their own conversion
probabilities, both sides of the market can benefit, as the resulting transparency enables more
efficient allocation and eliminates the need for exclusionary signaling. Third, commitment power is a
strong strategic instrument for the platform. The ability to commit to a selection rule, even within
the simple class of absolute threshold strategies, strictly dominates the platform-optimal equilibrium
without commitment, and its value exceeds that of voluntarily sharing conversion probability data
with advertisers.

These findings have several implications for practice and for the ongoing regulatory debate
surrounding online advertising markets. For ad platforms, our results formalize the economic logic
behind common practices such as traffic shaping and quality-score thresholds: by curating which
advertisers see a given impression, platforms shape advertisers’ beliefs and their willingness to pay.
Our analysis suggests that the design of invitation policies should be viewed as a core element
of auction design that interacts with information provision and reserve pricing. The result that

commitment power is highly valuable also provides a strategic rationale for platforms to invest in
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transparent, rule-based allocation mechanisms, because credible commitment to a selection rule can
dominate opaque, discretionary practices in terms of revenue.

For advertisers, our results highlight the asymmetric stakes of data transparency. Advertisers
are consistently better off keeping their private valuations confidential, whereas gaining access to
their own conversion data is always (weakly) beneficial. This asymmetry suggests that industry
initiatives aimed at increasing advertiser access to platform-side engagement data, such as conversion-
probability estimates or quality scores, may benefit the entire market, including the platform itself
when the number of competing advertisers is sufficiently large. By contrast, advertiser-side data
sharing with platforms, e.g. disclosing profit margins or customer lifetime values, tends to erode
advertiser surplus.

For policymakers and regulators, our analysis offers a unique perspective on data transparency
mandates in online advertising. A blunt requirement that all information be shared among all
parties does not necessarily improve welfare; indeed, full transparency enables the platform to
extract the entire advertiser surplus. Rather, the welfare consequences of transparency depend
on which information is disclosed and to whom. Our information disclosure game shows that
in equilibrium, the platform may voluntarily share conversion data while advertisers rationally
withhold their valuations, and this asymmetric outcome can support positive surplus for both sides.
These findings suggest that regulatory efforts might be most productively directed at facilitating
platform-to-advertiser data flows, such as requiring platforms to share engagement metrics or
predicted conversion rates, rather than mandating blanket transparency or restricting all forms of
data use indiscriminately. Furthermore, the finding that opacity in the platform’s selection process
has real economic costs, relative to a commitment benchmark, lends support to policies that promote
auditability and rule-based governance of algorithmic ad allocation.

Our analysis has several limitations that point to natural directions for future research. We
study a single ad impression in isolation, abstracting from dynamic considerations such as learning,
reputation, and budget constraints that may arise in repeated environments. Under commitment,
we focus on two natural classes of selection strategies—top-n and absolute-threshold rules—and
show that the threshold rule dominates within this class, while a full characterization of the optimal
commitment mechanism lies beyond the paper’s scope. For tractability, we also assume uniform and

independent distributions, which limit the heterogeneity captured by the model; richer distributional
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structures, including correlation between conversion probabilities and valuations, may generate
additional insights. Finally, the model treats advertisers symmetrically, abstracting from differences
in sophistication, data access, and strategic awareness.

Despite these limitations, this paper contributes to our understanding of opaque ad auctions by
showing that auction-design decisions—especially bidder selection—can serve as credible channels
of information transmission. The findings also highlight the subtlety of information value: whether
information benefits the platform or advertisers depends on the surrounding information structure,

the platform’s commitment ability, and the thickness of the advertiser side of the market.
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A Appendix

A.1 Analysis and Proofs

Proof of Lemma 1

Substituting Fg(z) = x/¢, into Equation (2) and performing the change of variable p = r/¢,,
t=ux/cy:

=2, p(1—p")+/1(1—nt"1+(n—1)t”) dt}
P

—- n+1 n n—1 n+1
=, |p- 1—p)—(1— 1-
o= ) = () B )
__[n=1  ,  2n L4

%1 Tar” |

Differentiating with respect to p:

or e
o =¢,-np" 1 - 2p).

For p € (0,1), the unique zero is p* = 1/2. The second derivative 9?1 /8p?| —Cg /272 <0

p=1/2 =

confirms a strict global maximum on [0, 1]. Evaluating at p* = 1/2:

.« _ [n—1 1 n - (n—=D1)2"4+1
m = C _—_—_———— :Cg'—_

9 nr1 2m (n+1)2n

To verify that a(n) is strictly increasing, note that a(n) =1—-2/(n+1)+1/((n+1)2"). Asn
increases, both 2/(n+ 1) and 1/((n + 1) 2") decrease, but the former effect dominates. Formally,

a(n+1)—a(n):m—j§;§“>0foralln21. [

Proof of Lemma 2

Suppose, toward a contradiction, that a platform-optimal equilibrium has M > 2 distinct on-path

reserve prices 71, ...,7)s, inducing posterior means cy1,...,CqM-

Step 1 (Equal revenue across on-path actions). The platform’s revenue from choosing ry is
7(n, Tk; Cgk), which depends on (n, 7y, Cgr;) but not on the realized c. This is because bids b; = ¢g, - 0;

are determined by the induced beliefs (through the signal r;) and the types 6;, which are i.i.d.
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Uniform|0, 1] regardless of the selection. Since the platform can choose any on-path r; for any

realization of ¢, optimality requires all on-path actions to yield the same revenue:

w(n, 715 €g1) = -+ = (N, T Comr) =t 7P,

Step 2 (Belief constraint). Let ¢, denote the unconditional posterior mean of ¢; for a selected
advertiser (absent any signal from r), and define wy, := Pr[r = ry | i selected] > 0 with >, w, = 1.
It is ¢4 = Z,]y:l wy, Cgk- Since the signal is informative (M > 2), the posterior means are not all

equal, so ming ¢y < ¢4.

Step 3 (Revenue bound). By Lemma 1, 7% = m(n,ry; ¢g) < g - a(n) for every k. Taking the
minimum:

P < (mkln Cok) - a(n) < &g - a(n).

Step 4 (Pooling dominates). The pooling equilibrium with constant r = ¢,/2 yields revenue
Cq - (n) > 7P, Tt is supportable by assigning pessimistic off-path beliefs: for any off-path 7/ Cq/2,
set E‘;H(r’) = ¢ for arbitrarily small € > 0, giving the platform revenue at most ¢ - a(n) < ¢4 - a(n).

This contradicts the assumption that the signaling equilibrium is platform-optimal. |

Proof of Lemma 3

By Lemma 2, the reserve price is constant, so the platform’s equilibrium revenue is 7* = ¢4(S) - a(n),
where ¢4(S) = E|c; | i selected by S]. Since a(n) > 0 is fixed, the optimal selection rule maximizes
ce(S).

By exchangeability (all ¢; are i.i.d. and the selection rule is measurable with respect to c), the

ex ante probability that advertiser i is selected is n/K for any symmetric rule. Therefore:

59(8) =

Bl W eSO _ K p 14 e ().

Pifi € S(c)]

Summing over all advertisers:
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Since exactly n advertisers are selected for each c, the right-hand side is maximized pointwise by
choosing the n largest ¢;’s. Hence the top-n rule uniquely maximizes ¢,4(S).

Under the top-n rule, a selected advertiser’s ¢; is equally likely to be any of the top n order
statistics of K i.i.d. Uniform[0, 1] random variables. The expected value of the k-th order statistic

of K standard uniforms is k/(K + 1), so:

1 & k 1 n2K —n+1) 2K-n+1
Gy(n) =~ ) = : = :
n A~ K+1 n(K+1) 2 2(K +1)

k= n+1

For incentive compatibility: conditional on fixed beliefs, each bidder bids ¢, - 0;, where 0; ~
Uniform|0, 1] independently of ¢; and identically across all advertisers. The joint distribution of
submitted bids, and therefore the platform’s revenue, is invariant to which n advertisers are selected.
The platform is thus indifferent among all size-n selection rules, and in particular has no profitable

deviation from the top-n rule. |

Proof of Proposition 1

Ezistence. We verify that the described strategy profile and beliefs constitute a PBE. Given the
platform’s strategy (top-n* selection, reserve r* = ¢4(n*)/2), an invited advertiser rationally infers
that its ¢; is among the top n* out of K, yielding posterior mean ¢,(n*) = (2K —n*+1)/(2(K +1))
by Lemma 3. Truth-telling gives the optimal bid 5*(0;) = ¢,(n*) - 6;. The resulting bids are i.i.d.
Uniform|0, ¢4(n*)]; Lemma 1 confirms 7* = ¢4(n*)/2 is optimal. The platform chose n* to maximize
II(n) by construction.

Off-path beliefs support the equilibrium as follows. For any off-path reserve price r’ # r*, assign

—off
Cg

(r") = e (arbitrarily small), making such deviations unprofitable.
Optimality. Any PBE must satisfy: the reserve price is at most as good as the optimal 7* = ¢,/2
(Lemma 1); information revelation through r is weakly suboptimal (Lemma 2); the selection rule

achieves posterior mean at most ¢4(n) (Lemma 3). Hence no PBE achieves revenue exceeding

maxy [I(n) = II(n*).

Uniqueness. Suppose a PBE achieves revenue II*. By Lemma 1, it must use reserve r = ¢,/2 (unique

optimizer for given beliefs), so the revenue is ¢, - (n). Setting this equal to II* = ¢4(n*) - a(n*) and
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noting that ¢, < é4(n) (by Lemma 3, top-n is the best achievable belief), we require ¢4(n)-a(n) > II*,
i.e., II(n) > II(n*), which forces n = n* when the maximizer is unique. Given n = n*, the revenue
IT* is achieved only if ¢; = ¢4(n*) (since ¢4 < ¢4(n*) and ¢, - a(n*) = II* requires equality), which
by Lemma 3 requires the top-n* selection rule. The reserve is then r* = ¢,(n*)/2. Hence the

equilibrium is unique up to off-path beliefs. |

Proof of Proposition 2

This result is a direct consequence of Proposition 3, which characterizes the optimal n*. For K < 3,
it is easy to verify that n*(K) = K, since {pg }1<k<s = {1,2,4}. For K > 4,itispp-—1 < K < pg_1.
Since the sequence {pg }r>0 is strictly increasing, it follows that n* < K, for K > 4. [

Proof of Corollary 1

From Proposition 1, we have that the platform’s expected revenue is

2K —n* + 1) (n*—1+ 2;)
o + 1)(K 1 1)

(", K) = ¢g(n) - a(n”) =

Next, the Social Welfare SW*(n*, K) is the expected value of the winning bid when it exceeds

the reserve price. For the bid distribution Fg(z) = x/¢,, we have that

Cg

SW*(n*, K) :/

1 *
« * n 1
z-n*Fg(z)" ' fp(z)de = ¢ / n*y" dy = ¢ <1 - — > )
2y/2 : gy It 41 an

Substituting ¢, gives the formula for SW*(n*, K).
Finally, the total advertiser surplus A*(n*, K) is SW*(n*, K) — II*(n*, K). Subtracting the two
expressions gives us the formula for A*(n*, K). [

Proof of Proposition 3

For K <12, we can easily verify numerically that the given formula for p; gives the correct values

for n* (i.e., {n*(K)}i<k<iz ={1,2,3,3,4,4,4,5,5,5,6,6}). Therefore, let’s assume that £ > 6 to

35



determine the optimal values for K > 13. For k& > 6, the formula for p; can be simplified as follows:

1(k? +3k—4) ,if k> 8 and (k mod 4) € {0,1},
Pk =
(k* +3k—2) ,if k>6and (kmod 4) € {2,3}.

PN

Since {n*(K)}k>1 is a non-decreasing sequence, it is enough to prove that for every k > 6, if
K = pg, then the optimal n* is equal to k, while if K = p; + 1 then the optimal n* is equal to k + 1.
In other words, we want to prove the following two cases: (i) n*(px) =k, (ii) n*(pr +1) =k + 1.

. . . 2K—n+1)-(n—1+5) . .
Let’s start with case (i). Because the function II(K,n) = ( 2?ﬂ13)(<?(+1;_2 ) is concave in n,

it is sufficient to prove the following two sub-cases: (i.a) (pg, k) > (pg, k + 1), (i.b) M(pg, k) >
M(pg, k —1).
Let’s start with sub-case (i.a). We further consider two sub-sub-cases: (i.a.1) (kK mod 4) € {0,1},
(i.a.2) (k mod 4) € {2,3}.
Let’s start with sub-sub-case (i.a.1). The inequality is equivalent to I (3 (k® + 3k —4),k) >
IT(3(k* 4+ 3k —4),k+1). It is
(k3 + 4k? + 3k + 2813 — 4)

1 1
H<4(k2+3k—4),k> —H<4(k2+3k—4),k+1> = Sk T 1)k 201 3) >0,

for any k > 1, therefore sub-sub-case (i.a.1) holds.

Let’s continue with sub-sub-case (i.a.2). The inequality is equivalent to IT (1 (k* + 3k — 2),k) >
I (5 (K + 3k — 2),k +1). Tt is I (3(k* + 3k — 2),k) — I (3(k* + 3k = 2),k + 1) = gerrgy > 0,
for any k > 1, therefore sub-sub-case (i.a.2) holds.

Now let’s continue with sub-case (i.b). Similarly, we consider two sub-sub-cases: (i.b.1) (k mod
4) € {0,1}, (i.b.2) (k mod 4) € {2,3}.

For sub-sub-case (i.b.1), we have that

(—k? — 3k 4 2M2 — 4)
2kk(k +1)(k + 3)

1 1
H(4(k2+3k—4),k>—H<4(k2+3k—4),k—1>: >0,

for any k > 2.
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For sub-sub-case (i.b.2), we have that

1 1 (—k* — 2k + 2FF2 — 4)
M(=-(k*>+3k—2)k) —T0(=-(k*+3k—-2)k—1] =
(4( +3 )’> (4( +3k—2), ) R Dh+2)

for any k£ > 1.

This concludes case (i). Let’s continue with case (ii). As before, we consider two sub-cases: (ii.a)
O(pr +1,k+1) > (px + 1,k +2), (ii.b) H(px + 1,k +1) > II(pr + 1, k). And for each sub-case, we
consider two sub-sub-cases based on the remainder of k when divided by 4.

For sub-sub-case (ii.a.1), we have

k* + 5k 4+ (251 4+ 6) k + 2" 4 4)

0
P2kt 2) (k1 3) (k2 13kt d)

H(i(k2+3k—4)+1,k+1) —H(i(k2+3k—4)+1,k+2> _

for any k > 1.
For sub-sub-case (ii.a.2), we have
(k3 + 5k + (2" + 8) k + 12)

1 1
- 2 —2 1 1 - - 2 _2 1 2
H<](/€ +3k—-2)+1Lk+ ) H<4(k Sk —2)+ 1.k ) 2k+2(k+2)(k+3)(k2+3k+6)>O’

for any k > 1.

For sub-sub-case (ii.b.1), we have IT (3(k* +3k —4) + 1,k +1) — I ($(k® + 3k —4) + 1,k) =
(—k®—4k2—Tk+2F+3_38)
2k+1(k+1) (k+2) (k2 +3k+4)

For sub-sub-case (ii.b.2), we have IT (}(k? + 3k —2) + 1,k +1) — I (3(k* + 3k — 2) + 1, k) =

(—k®—4k2—9k+2k+1—14)
2K (k+1) (k+2) (k2 +3k+6)

> 0, for any k > 6.

> 0, for any k£ > 1.

This concludes case (ii) and therefore the proof. [ |

Proof of Corollary 2

For this corollary, we need the following lemma that characterizes the socially optimal number of

bidders n*s.

Lemma 10 (Socially optimal n**). Let {pj }r>0 be the sequence that starts with {0,1, 3,6, 10, 16, 23,
31,41,51,63,75} and for k > 12, it is defined as pj, = % The sequence {p{}r>0 is strictly
increasing. Then, for any integer K > 1, the socially optimal n**(K) is the unique integer k such

S s 19
that pi_, < K < pj.
9The first few terms of the sequence {n**(K)}x>1 are as follows: 1,2,2,3,3,3,4,4,4,4,5,5,5,5,5,5,6,6,6,6,6, . . ..
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Proof. For K < 88, we can easily verify numerically that the given values for pf give the correct
values for n** (i.e., {n*(K)h<rx<ss ={1,2,2,3,3,3,4,4,4,4,5,... }). Therefore, let’s assume that
k > 12 to determine the optimal values for K > 89.

Since {n**(K)}k>1 is a non-decreasing sequence, it is enough to prove that for every k£ > 12, if
K = p; then the optimal n** is equal to k, while if K" = pj 4 1 then the optimal n** is equal to k + 1.

In other words, we want to prove the following two cases: (i) n**(pj) =k, (ii) n*(p} +1) =k + 1.
n(2K—n+1)<1—ﬁ

2t 1) (K+1) 1S concave 1n

Let’s start with case (i). Because the function SW(K,n) =

n, it is sufficient to prove the following two sub-cases: (i.a) SW(pj,k) > SW(p;,k + 1), (i.b)
SW(pZ7k) > SW(pZJf - 1)
Let’s start with sub-case (i.a). It is

k2 43k —2 k2 4+3k—2 —k* — 4k — 32 + 2k 4 2F+3 — 2
SW(—— k) —-SW([—— " k+1) = 0
( 5 > < 5 N ) W2k + )k +2)(k+3)

for any k > 12, therefore sub-case (i.a) holds.

Let’s continue with sub-case (i.b). It is

k2 +3k—2 k2 +3k—2 k3 4 2k2 — k + 2k+2 _ 4

for any k > 1, therefore sub-case (i.b) holds.

This concludes case (i). Let’s continue with case (ii). As before, we consider two sub-cases: (ii.a)
SW(p+1,k+1) > SW(ps + 1,k +2), (iLh) SW(pS + 1,k +1) > SW(pi +1,k).

For sub-case (ii.a), we have

k2 +3k—2 k2 +4+3k—2 — k3 —4k? — 3k 4 2k 2
SW | ~— 241 k+1)-SW ([ ~— 41, k+2] = 0
( g ThLRET ) ( 5 ThLRET ) Wk + )(k+2)(k+3)

for any k > 1, therefore sub-case (ii.a) holds.

For sub-case (ii.b), we have

k2 4+3k—2 k% +3k—2 k
SR Nt A | 1) — SR et A | S —
SW( 5 +1,k+ ) SW( 5 + k:) 2k+2(k+2)>0’

for any k > 1, therefore sub-case (ii.b) holds.
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This concludes case (ii) and therefore the proof. O

The corollary is now a consequence of the fact that the sequence pj, grows faster than the sequence
Pk, and more specifically it holds that p; > pj, for every k > 1. This means that n*(K) > n*(K)

for every K > 1. This completes the proof of the corollary. |

Corollary 5. The social welfare is non-monotonic with respect to K. More specifically, it
is SWppag(IK) > SWpeoao(K + 1) for K € {pi}r>7 = {17,21,26,32,38,44,51,59,...}, and
SWppag(K) < SWeoao (K + 1) otherwise. In other words, there are cases where adding an

advertiser reduces the social welfare.?”

Proof. We want to prove that (i) for K € {pi}ti>7, SWpoag(K) > SWp a, (K + 1), and (ii) for
K & {pi}tit, SWpoag(K) < SWpoag (K +1).

*QK-n*+1)(1-—t+
Let’s start with case (i). Let SW(K,n*) = e )< 2 +1)

2+ D) (K1)

and suppose that K = p;. for
some k > 7. From Proposition 3, we know that n*(K) = k and n*(K +1) = k+1. Therefore, we need
to prove that SW(pg, k) > SW(pr + 1,k + 1). We consider two sub-cases: (i.1) (k mod 4) € {0,1},
(i.2) (kmod 4) € {2,3}.

For sub-case (i.1), we have that

—k® — 6kt +2 (2P —7) k3 — 2 (282 4 3) k2 — 3 (5 2842 — 9) k — 2F+6 4 32)

SW(pg, k) — SW(pp + 1,k +1) = (

2542(k + 1) (k + 2)(k + 3) (k2 + 3k + 4) >0,
for any k > 7.
For sub-case (i.2), we have that
_k4_3k3+ 2k+2_7 k2 _5 ok+2 _ 1 k—2k+3—|—2
SW (pr, k) — SW(p + Lk +1) = ( ( ) ( ) ) -

262(k 4+ 1)(k + 2) (k% + 3k + 6)

for any k > 7.
Now let’s continue with case (ii). For K < 17, we can easily verify numerically that the inequality
holds. Therefore, let’s consider the case K > 17. Since K ¢ {py }r>7, from Proposition 3 we know

that n*(K) = n*(K + 1). Therefore, it is sufficient to prove that SW(K,n) < SW(K + 1,n), for

2OTntuitively, this happens because being in the top n out of K advertisers is better than being in the top n + 1
out of K + 1 advertisers, for sufficiently large K. The first time this happens is during the transition from K = 17
to K = 18 where n*(K) goes from 7 to 8, and it happens again every time there is a transition after that, i.e. for
K € {pr}r=7-
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(2nt1-1)n

the proof. O

< 0, for any n > 1. This concludes

Proof of Lemma 4

In model P41 Ag, the platform observes both the conversion probabilities ¢ and the values per
conversion 6.

For Part 1, suppose the platform attempts to use a selection strategy that depends on ¢, thereby
inducing a posterior belief ¢ for the invited advertisers. The advertisers’ bidding strategy would
then be 3;(0;) = ¢ - ;. However, since the platform knows the exact realization of 6, the bids are
deterministic from the platform’s perspective. To maximize its revenue, the platform’s optimal
deviation is to always select the advertisers with the highest 6; values, regardless of their actual ¢;
values. Because the platform cannot commit to ignoring 6, any selection strategy that depends on ¢
is not credible. In equilibrium, the advertisers rationally anticipate this, so their posterior belief
about ¢; remains equal to their prior expectation: ¢ = E[¢;] = 1/2. Consequently, each advertiser’s
optimal bid is 8}, (0:;) = 0;/2.

For Part 2, because the platform knows all bids exactly, it can maximize its revenue by setting a
reserve price exactly equal to the highest bid among all advertisers. Thus, the optimal reserve price
I8 75, ag = max; 0;/2.

For Part 3, because the reserve price is exactly equal to the winning bidder’s expected valuation,
the platform extracts the full surplus of the winning advertiser. This leaves the winning advertiser,
and all losing advertisers, with a payoff of zero. Thus, the total expected advertiser surplus is
A;;ALLA(—) =0.

The platform’s expected profit is the expected value of the reserve price: II% = E[max; 0;/2].

PaLLAe
Since 6; ~ U|0, 1] are drawn independently, the expected value of the highest order statistic among

K draws is E[max; 0;] = KLH Therefore, the platform’s expected profit is I, , = ﬁ This

completes the proof. |

Proof of Proposition 4

For the advertiser surplus, since A7, = 0, it follows that A}, , > A}, forall K > 1.
A cAae ALLA4©

LLAe
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Next, we compare the platform’s expected profit. We want to show that Iy , >} .  for

K > 8. From Corollary 1, the platform’s profit in the main model is:

2K —n*+1) (n* —1+27")

I, ., =II"(n",K) =
roao = (" K) 2(n* + 1)(K + 1)
From Lemma 4, the profit in the benchmark model is IT;, = ﬁ

Because n* is chosen to maximize IT*(n, K) in the main model, we have II*(n*, K) > II*(n, K)

for any integer n € [1, K|. Thus, to prove II}_, > IT} it is sufficient to show that there exists

PprLAe?
some specific n such that II*(n, K) > II}, , for K > 8.
ALLA4©
Let us evaluate the platform’s profit in the main model if it were to choose n = 5. Substituting

n = 5 into the profit function, we get:

T (5. ) — 2K -5+1)(5-1+27%) (2K-4)(4+35) 2(K-2)(%) 129K —2)
(40 = 256+ 1)(K +1) 1K +1) 0 12(K+1)  192(K +1)

We compare this to the benchmark profit, which can be rewritten with a common denominator as

IT* = K __ The inequality II*(5, K) > II* is equivalent to:

PaLLAe 192(K+1) PaLLAe

129(K —2) _ 96K
192(K +1) = 192(K + 1)

86
< K > — ~ 7.818.
- 11

Because K is an integer, this inequality holds strictly for all K > 8. Since the optimal profit

I}, 4o = II"(n", K) must be at least as large as II*(5, K), it follows that II_, > 1II} ,_ for all
K > 8. This completes the proof. |

Proof of Lemma 5

Algorithm 1 Find the optimal reserve price in model PoA ;..
1: Order the advertisers by their maximum valuation ¢; in descending order: without loss of
generality, let’s assume that ¢; > co... > ck.

k )
i=1Ci

2: For every integer k € {1,2,..., K} set the reserve price to 7 = === and calculate the expected
revenue R(k).

k*
3: Find the integer k" that maximizes R(k). The optimal reserve price is 77, AaLL Ezijgl*cz.

Given ¢, ca,...,cix € [0,1], let a; be the highest value among them, as the second highest value,
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and so on, such that a; > as > --- > ax. We also define ax 41 = 0.
For a given reserve price r € [0, a1), let n be the unique integer such that a,4+1 < r < a,. If the

platform sets the reserve price r, then its expected revenue is denoted by Ry, (a1,...,ax,T).

k t=ayg
1k tH _thj_laj]
k k
k+1 Hj:l aj k Hj:l aj

t=an

n n—1
Ry(a1,...,ag,r):=r <1— H:) —i—Z

. Q;
=1 k=1

t=ap41

+ |t

1—n vt Y0 a;
n+1ljoia; n Il a

t=r

It can be shown (by taking the derivative of R,, with respect to r) that this function has a

27:1 aj

local maximum at r = =/Z—. Therefore, if this value falls within the valid range for n, i.e., if

ant1 < # < ap, then this value is a candidate for the optimal reserve price.

Given aq, ..., ax, the platform’s overall expected revenue for any reserve price r is a piecewise
function:
0 yifr > aq,
Ri(ay,...,ax,r) ,ifay <r <ay,
R(ay,...,ak,r) = Ro(ay,...,ax,r) ,if ag <r < asg,
Ri(ay,...,ax,r) ,ifagi <r<ag.
Let r*(a1, ..., ax) be the optimal reserve price, i.e., the value of r that maximizes R(ay,...,ax,T).
To find 7*(ay,...,ax) algorithmically, we can check all the possible local maxima, 7} = 22}2:; Y for
n € {1,2,...,K}. For each n, we check if 7} is a valid candidate (i.e., if ap+1 <7} < ay). We then
evaluate the revenue R(ay,...,ax,r)) for all valid candidates and select the one that maximizes

this revenue.

We now want to calculate the expected value of the optimal revenue,

R*(a1,...,ar) = R(a1,...,ax,7"(a1,...,ak)),
assuming that the initial values ¢q, . .., cx are independent uniform random draws from [0, 1]. In this
case, the sorted values aq,...,ax are the order statistics of K i.i.d. Uniform(0,1) random variables.
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Their joint probability density function over the region 1 > a1 > as > .-+ > ax > 0 is K!. The

expected optimal revenue is therefore given by the integral:

1 a1 as aK—1
HPCAALL :K!/O /0 /0 /0 R*(al,...,aK)daKdaK_l... dal.

Similarly, for a reserve price r such that a,+1 <r < a,, the expected social welfare is equal to

n ak’Jrl o ak’+1 nrn+1
SWy(ay,...,ax,7):= |a; — k k+1 _ '
' ; (k+ 1)1_[?:1 aj (n+ 1L a

The overall expected social welfare for any reserve price r is:

;

0 ,if r > aq,
SWi(ay,...,ax,r) ,ifas <r<a,
SWi(a,...,ak,r) = SWal(ay,...,ax,r) ,ifas <r < ag,
SWK(al,...,aK,r) ,if AR +1 <r<ag.
\

For the optimal reserve price r (optimal in terms of revenue), the expected social welfare is
SW*(ay,...,ax) = SW(ay,...,ax,r"(a1,...,ax)).

Finally, assuming that the initial values ci, ..., ckx are independent uniform random draws from

[0, 1], the expected social welfare is

1 ay az ar_1
SWPC'AALL:K!/ / / / SW*(al,...,aK)daKdaK_l...dal.
0 JO 0 0

The expected advertiser’s welfare can then be calculated as A =SWeoay, —Upoa,,- B

PoAALL

Proof of Proposition 5

The proof proceeds by combining the exact evaluation of the expected payoffs for small K with an

asymptotic analysis for large K.
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Small K. For small values of K, we apply the algorithm described in the proof of Lemma 5.

By evaluating the piecewise integrals over the order statistics aq,...,ax, we obtain the exact

*
PoAALL

*

expected platform revenue 11 PoALL?

and expected social welfare SW which also gives the

advertiser surplus A% = SW73 — 113 . Comparing these exact numerical values with
PocAALL PcApLL PoApLL

the closed-form expressions for II},_,_ and A3,  from Corollary 1, we verify that I _, >} , =

for K < 8, and IT% < ITx

Pode Poany for K > 8. Furthermore, A%, < A% ,,  holds for all evaluated

K. We provide all the numerical results in Table 1 and Table 3 of Appendix A.2.

Large K. To prove that this relationship holds for all sufficiently large K, we analyze the
asymptotic behavior of the payoffs as K — oc.

In the main model PoAg, we substitute the optimal number of bidders n* ~ 2V K (from
Proposition 3) into the formulas from Corollary 1. For the platform’s revenue, we have:

T - 2K —n*+1)(n* —14+27")
Pode — 2(n* +1)(K +1)

(-5)(-2)- (-3 () ()

Similarly, the expected social welfare expands to SW5,_,, ~ 1— \1/%, giving an asymptotic advertiser

surplus of A}, = SW73 ., — 15 ., ~ L\/[‘i(.

In model Po AL, each advertiser bids its true valuation V; = 6;¢;. Since 6; and ¢; are independent
standard uniform variables, the CDF of V; is F\(v) = v —vlnv for v € (0,1]. To understand the
upper tail, let v = 1 —z for small x > 0. Using the Taylor expansion In(1 —z) = —z — 22/2 + O(z?),
the tail probability is:

x 72
1-Fl-a)=1-(1-2)+(1—-2)n(l—z)~z+ (1 —2x) <—x—2>%2.

Let X; = 1—V;. The approximation Pr(X; < x) ~ x2/2 implies that X; is distributed approximately
as v/2Y;, where Y; ~ U0, 1]. The platform’s revenue II}_, is bounded below by the expected
second-highest valuation (which corresponds to setting a reserve price r = 0). The second-highest
valuation V(g _1) corresponds to the second-lowest value of X;, denoted X o) &~ /2Y(y).

Because Y() is the second-order statistic of K standard uniform variables, it follows a Beta
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distribution Y() ~ Beta(2, K — 1). We can compute its expected square root using the Gamma

function:

1.88

1
VE VK

Q

/g LRHIK + 1)

3
E[Xo) V2 rging i) © V2 (15X 05X Vr) K70% = 5or

Therefore, the platform’s expected revenue in Po A,y is bounded below by:

1.88
H;CAALL > B [V(Kfl)] ~1 - \/7
Comparing the two models, since 1 — % >1- \/—%, it follows that IT,_,, > II%_,  for sufficiently

large K.
By a similar extreme-value argument, the expected highest valuation V(g corresponds to

Xy~ /2Y(1), where Y{;) ~ Beta(1, K). Its expectation is:

1.25

T(LET(K +1) 1
VE VK

T()D(K +1.5)

E[Xqy] =~ V2 V2(0.5 x 7)) K% = %x/ﬁ

* ~1— L2 The advertiser surplus is then:

The expected social welfare is SW7_,, Vi

* * * N 1.25 1.88 0.63
APCAALL - SWPCAALL o HPCAALL - (1 - \/F> - <1 - \/E) N ﬁ

Since % > U—\/'%, the advertiser surplus is strictly greater in PoA,r, than in PoAg asymptotically.

This concludes the proof. |

Proof of Lemma 6

In model Py Aarr, both the platform and the advertisers observe the full realization of ¢ and 6.
Consequently, the exact valuation of each advertiser ¢, v; = 6;¢;, is common knowledge.

Since the advertisers know their own valuations exactly, it is a weakly dominant strategy for
each advertiser to bid its true valuation: 3(6;,¢;) = 6;¢;.

Because the platform knows all the bids in advance, it maximizes its revenue by setting the
reserve price equal to the highest valuation among all advertisers. Thus, r* = max;(6;¢;). By setting

this reserve price, the platform extracts the entire surplus from the winning advertiser, leaving all
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advertisers with a payoff of zero. Hence, A% = 0.

PALLAALL

The platform’s expected payoff is the expected value of the highest valuation: HPALL Ay =
E[max; V;], where V; = 6;¢;. Since 6; and ¢; are independent standard uniform random variables,
the cumulative distribution function (CDF) of V; is Fy (v) = v —vlnwv for v € (0, 1]. The CDF of

the maximum order statistic V(g is (Fy(v))X. The expected value can be computed using the

integral of the survival function:

1 1
H*PALLAALL - /O (1 —(v— Ulnv)K) dv=1- /O UK(l - lnv)K dv.

To evaluate the integral, we use the substitution x = — Inv, which gives v = ¢™® and dv = —e *dx.

The limits of integration change from v € (0,1] to = € (o0, 0]. The integral becomes:

/ e K1+ o) Ke @ da = / e*(KH)x(l +2)% da.
0 0

Using the binomial theorem, we expand (14 2)% = ZkK:O (Ik() x¥. Substituting this into the integral,

we get:
K

K oo
Z < ) / aFe= KDz g
k) Jo

k=0
Recall that the Gamma function gives fooo zhe=% dy = % Applying this formula with a = K 41,

we get:

! K K!

XKl
kzzo KK — k) (K + 1)F+1 kz::o (K — k)/(K + 1)k1

Substituting this back into the expectation gives the platform’s equilibrium payoff:

K
H;ALLAALL - Z K + 1)k+1
k:O
This completes the proof. [
Proof of Proposition 6
First, from Lemma 4 and Lemma 6, we get that A, , =A%y .. =0.
Next, we prove II* H;ALL Ay I model PoA,yL, the platform only knows ¢ and sets

PcApLL —
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a reserve price based on this partial information. The winning advertiser pays either the second-

highest bid or the reserve price, which leaves a strictly positive information rent for the advertisers

*

b.a. . is strictly less than the total expected social welfare
CAALL

(Af > 0). The platform’s revenue II

PoAALL

in PCAALL7 denOted SW*

PocAALL®

Furthermore, the maximum possible social welfare in any allocation mechanism is achieved when
the impression is always allocated to the advertiser with the highest actual valuation v; = 6;c¢;.
Therefore, SW7,_,, . < E[max;(f;ic;)].

In model Py AanL, the platform extracts exactly this maximum possible social welfare as

revenue, meaning I, , = E[max; (6;c;)].
Combining these inequalities, we get 17, Ay < SWi., any S Mo, ays which implies IT}_ agpy S

* .
HPALLAALL' This completes the proof. [ |

Proof of Corollary 3

We analyze the normal-form game where the platform chooses its information set Sp € {C, ALL}
and the advertisers choose their information set S4 € {©,ALL}. The payoffs (up,u,) for each
strategy profile correspond to the expected platform revenue and advertiser surplus in the respective

benchmark models:
e (C,0) results in model PoAg with payoffs (I}, A5 4, )-

e (C,ALL) results in model Po A, with payoffs (IT} Abpany)

PoApLL’

e (ALL, ©) results in model P, Ag with payoffs (II} A*x =0).

ParrLAe’ “ " ParLAe

e (ALL, ALL) results in model Py, A, with payoffs (IT} A* =0).

PALLAALL’ “ " PALLAALL

We first determine the advertisers’ best responses. If the platform plays C, the advertisers

choose between A} _,  and A} so the advertisers weakly

PoAaLL”

By Proposition 5, A}, < A}

— “TPcApLL’

prefer ALL. If the platform plays ALL, the advertisers receive a surplus of 0 regardless of their
choice, making them indifferent between © and ALL.

Next, we determine the platform’s best responses. If the advertisers play ALL, the platform

* H*
PoAaLL — T PALLAALL’

and IT*

PaLLAALL”

chooses between 11% By Proposition 6, II so the platform

PoApLL
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*
PayrpAe”

strictly prefers ALL. If the advertisers play ©, the platform chooses between II}_,  and II

By Proposition 4, Iy , > 1I5, . for K > 8, and II},_,  <II; for K < 8.

LAe PaLLAe

Now we find the pure-strategy Nash equilibria:

e For K > 8: The platform prefers C' in response to ©, but the advertisers prefer ALL in
response to C. Thus, (C,©) is not an equilibrium. If the profile is (ALL, ©), the platform
deviates to C. If the profile is (C, ALL), the platform deviates to ALL. For (ALL, ALL), the

*
LLAALL — T PoAaL

platform strictly prefers ALL (since I, L) and the advertisers are indifferent

(both give 0). Thus, (ALL, ALL) is the unique equilibrium.

e For K < 8: The platform strictly prefers ALL regardless of the advertisers’ strategy (since

11 > 1} 4, and II} > 117

PyrLAe PALLAALL — ~ PcAALL

). Thus, ALL is a strictly dominant strategy for
the platform. Given that the platform plays ALL, the advertisers earn 0 either way and are
indifferent. Therefore, both (ALL, ALL) and (ALL, ©) are equilibria.

In all identified equilibria, the platform plays ALL, which results in the advertisers’ surplus being

fully extracted (A = 0). This completes the proof. [

Proof of Corollary 4

We analyze the normal-form game where the platform chooses whether to share its information
c with the advertisers (Dp € {Share, Don’t Share}), and the advertisers choose whether to share
their information @ with the platform (D4 € {Share, Don’t Share}). The payoffs (up,u4) for each

strategy profile are:
e (Don’t Share, Don’t Share) results in model PcAg with payoffs (IT}_,_, A%, 4, )-

e (Share, Don’t Share) results in model PoA,., with payoffs (I} A ).

PoApLL? “ T PcAALL

e (Don’t Share, Share) results in model P, Ag with payoffs (ITF

Ppy1,Ae?

0).
e (Share, Share) results in model Py A,y with payoffs (IT%

PALLAALL’ 0)'

We first evaluate the advertisers’ optimal strategy. If the advertisers choose Share, their surplus

is fully extracted by the platform, resulting in a payoff of 0. If they choose Don’t Share, they earn
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either AL , > 0or A}, > 0. Therefore, Don’t Share is a strictly dominant strategy for the
advertisers.

Knowing that the advertisers will play Don’t Share, the platform’s decision reduces to choosing
between Share (getting I}, ) and Don’t Share (getting II}_,, ).

By Proposition 5, we know that II;,_, > 1II};_,  for K > 8, and I} , ~<Iy , for K <8.

e For K > 8: The platform maximizes its payoff by choosing Share. The unique equilibrium is

(Share, Don’t Share), which corresponds to the environment PoA,y .

e For K < 8: The platform maximizes its payoff by choosing Don’t Share. The unique

equilibrium is (Don’t Share, Don’t Share), which corresponds to the environment PoAg.

This completes the proof. |

Proof of Lemma 7

We analyze the platform’s expected payoffs for an arbitrary absolute cutoff 7 € [0, 1]. An advertiser is
invited to the auction if and only if its conversion probability satisfies ¢; > 7. Since ¢; is drawn from
a standard uniform distribution, the probability of any given advertiser being invited is p =1 — 7.
The number of participating bidders n therefore follows a Binomial distribution, n ~ Binomial( X, p).

For Part 1, conditional on being invited, an advertiser’s posterior belief about its own conversion
probability is a uniform distribution on [, 1]. The expected conversion probability is thus ¢ = 1#

In a second-price auction, it is a weakly dominant strategy for each invited advertiser to bid its

expected valuation:
1+7

,B(QI)ZHZE[CHCZZT]:& = 6,c.

For Part 2, from the platform’s perspective, the bids of the n participating advertisers are
independent and uniformly distributed on [0,¢]. The optimal reserve price for uniformly distributed
bids on [0, ¢] is independent of the number of bidders n, and is given by r* = ¢/2. Substituting ¢,
we get r* = LfTT.

For Part 3, we compute the platform’s expected payoff. Conditional on n bidders participating,
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the expected revenue is given by the formula derived in Corollary 1:

—14+2™" 2 2°"m
M) =2 _a(1- + .
n+1 n+l n+1

To find the unconditional expected revenue H;‘ICOMAO (1), we take the expectation over n ~
CoM 4

Binomial( K, p). We use the following identities for binomial sums:

n+ —\n n+1  p(K+1)
K
9-n K 9-n 2 K
E - "1 —p)E - (1-2)" —a-pr).
[n—i—l] nzzo<n>p( P A p(K+1)< 2 (1=p)
Noting that 1 —p/2 =1— 157 = 14T = ¢, the second sum simplifies to p(K2+1) (eK+t — (1 —p)ith).

Substituting these into the expectation, we get:

TH = < 2— 2(1 _p)K+1 2EK+1 - 2(1 B p)K+1>
CoMm (T) =c|1l-—

Fo™ e p(K+1) p(K+1)

- E(p(K—i—l) — 2+20K+1>

B p(K +1)

~ 2 2¢K+1
:c<1‘p<K+1>+p<K+1>>

Since p = 2(1 —¢), we have p(K +1) —2=2(K +1) —2¢(K + 1) —2 = 2K — 2¢(K + 1). Thus:

2K — 2¢(K 4 1) + 2¢5H! 2¢[ K 1
HTHCOM (7_) —¢ C( + ) + 2c _ £ —e+ 6K+1
P Ae p(K +1) K+1 K+1
Substituting ¢ = HTT and p =1 — 7 gives the exact formula in the lemma.

For Part 5, conditional on n bidders, the expected social welfare from Corollary 1 is SW*(n) =

Crg(1— 2~ (+1)) . Taking the expectation over n:

—(n+1)
1 2

L gt

Sw —¢E
(r)=c¢ n+1 n+1

PgOMAe
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Using the previous sums and E[2~("*1] = IE[(1/2)"] = 1(1 — p/2)K = 1, we get:

s 1_(1_p)K+l 1—K EK+1_(1_p)K+l
Wi = (1= S~ e

SK+1
:c<1—1cK+Cl>.
2 p(K +1)
147

Substituting ¢ = =5~ and p = 1 — 7 gives the social welfare formula.

For Part 4, the advertiser surplus is the difference between social welfare and platform revenue:

- - - _ 1 g -1 2 2K+t
APgOMAe(T) =S ngMA@(T) —HPgOMAe(T) =c (1 — 3¢ + pKT1) 1+ K+ pK T 1)>
. (_1CK N 1- cK+1) _ (K + 1)ek+t 4 26 — 26K+2
2 p(K +1) 2p(K +1)
26— (p(K + 1) + 20)
B 2p(K +1) '

Since 2¢ = 2 — p, we have p(K + 1) +2¢ = pK + p+ 2 — p = pK + 2. Substituting this back:

2¢ — & (2 + pK)
2p(K +1)

ggO“"A@ (7-) —

Substituting ¢ = 14T

and p = 1 — 7 gives the formula for advertiser surplus in the lemma.
Finally, because the platform has commitment power, it will choose the cutoff 7% that maximizes
its expected payoff Hpom " (7). Since the payoff function is differentiable on (0,1), the optimal

interior cutoff 7* satisfies the first-order condition 8HELOMA

(1)/0T = 0 evaluated at 7 =7*. W

Proof of Lemma 8

R 2K —n+1)(n—14 5 . . .
The revenue under the top-n strategy is I1""(n) = ( 2(7:;_1))((7;(+$2 ) and n* is the optimal integer

n € [1, K] that maximizes II""(n). The revenue under the threshold-7 strategy is II™(7) =
E [KL_H — 44 K+1 (1§T)K+1} and 7 is the optimal real 7 € [0, 1] that maximizes II"*(7). We
want to prove that II"(7*) > II™"(n*).
K+1
We define the functions f(z) = m <K — (K + 1)z + (22(1%@) ) and
g(z) = Mﬂ (K — (K + 1)z 4+ 2*!) for z € [1/2,1]. Notice that II""(n) = f (1 - 2(’%7':11))
and HTII( ) =g (1+T)

Since = > 22<1 o for any 2 € [1/2,1], it holds that g(x) > f(z) for any z € [1/2,1]. Let
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zy € [1/2,1] be the value of z that maximizes g(z) and z} € [1/2,1] be the value of z that

maximizes f(x). It is 2}, = 1‘27*, therefore
() =g (157 ) ot 2 o)) 2 S 2 £ (10 5 ) e .
9 2(K+1)
Proof of Lemma 9
We show that H;SOMA@ > 117 4, Dy constructing a feasible commitment strategy whose expected

revenue is arbitrarily close to II;_, ; since the platform can do at least as well as any feasible
strategy, the inequality follows.

Under commitment, the platform publicly announces (before the realization of c) a selection
rule S(c) and a reserve-price rule r(c). Since these are publicly known, each invited advertiser i can
compute its posterior belief about ¢; from the observed r and the publicly announced rules.

Consider the following commitment strategy. Let r_ , [0,1]% — R, denote the optimal
reserve-price function in model Po A,y (as characterized in Algorithm 1), and let ¢ : [0,1]% — [0, 1)
be an injection (e.g., the decimal-interleaving map that interleaves the decimal digits of ¢y, ..., ck).

For each integer m > 1, we define:

e Selection rule: S(c) = {1,..., K} (invite all advertisers).

_ LT}CAALL (c)-10™ | 1

e Reserve-price rule: 7,,(c) = —“Alm—— + - ¢(c).
Since [17,4,,,(c) - 10™] is a non-negative integer and ¢(c) € [0,1), the fractional part of

rm(c) - 10™ equals ¢(c). Because the rule rp,(-) is publicly committed, each invited advertiser can
recover ¢(c) from the observed r,, and, by injectivity of ¢, recover the full vector c. In particular,
advertiser 7 learns its own ¢; and bids ¢;6;, exactly as in model Po A,y

The reserve-price error satisfies |1 (c) — 54, (€)| < 1/10™ for all c. Since the platform’s
expected revenue is continuous in the reserve price, the revenue under this strategy converges to

*
5 4, 8 m — 00.

More precisely, for any § > 0, there exists an m > 1 such that the commitment strategy (S, 7,)

*

Foay, — 0. Since the platform optimizes over all commitment
ALL

yields expected revenue at least II

> 1% — 0 for all § > 0, which

strategies, its optimal committed revenue satisfies II PoAnLr

*
PgOMA@

implies HPgOMA@ 215 a,,, -
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The inequality is strict for small K (e.g., K <9), as can be verified from Tables 3 and 5: the
threshold commitment strategy alone already outperforms model PoA,y;, for these values. For large
K (K > 10), the comparison between the threshold strategy and Po A,y favors the latter (Table 3),
but the platform’s optimal commitment strategy (which is not restricted to the threshold class)

achieves at least II;_, by the argument above. |

A.2 Numerical Examples

K H*PcAe SW;CAG) A;cAe
2 0.208 0.292 0.083
3 0.266 0.352 0.086
4 0319 0.422 0.103
5  0.357 0.452 0.095
6
7
8
9
10

0.394 0.498 0.104
0.4211 0.533 0.112
0.4479 0.547 0.099
0.470 0.574 0.104
0.489 0.597 0.108

Table 1: Model PoAg equilibrium, for different values of K.

K H;ALL Ae SW;ALL Ao ;ALL Ae
2 0.333 0.333 0
3 0.375 0.375 0
4 0.400 0.400 0
5 0.417 0.417 0
6 0.429 0.429 0
7 0.438 0.438 0
8 0.444 0.444 0
9 0.450 0.450 0
10 0.455 0.455 0

Table 2: Model P41, Ag equilibrium, for different values of K.
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K Hj';c AALL SW}‘;C AALL ;C AALL
2 0.202 0.312 0.110
3 0.262 0.398 0.136
4 0.312 0.461 0.150
) 0.354 0.510 0.156
6 0.390 0.549 0.159
7 0.4210 0.580 0.159
8  0.4480 0.605 0.157
9 0.472 0.627 0.155
10  0.493 0.645 0.152
11 0.512 0.660 0.148
12 0.529 0.673 0.145
13 0.544 0.685 0.141
14 0.558 0.696 0.138

Table 3: Model Po A, equilibrium, for different values of K.

K Wy SWeipany  Abyian
2 0370 0.370 0
3 0445 0.445 0
4 0498 0.498 0
5 0538 0.538 0
6 0.569 0.569 0
7 0594 0.594 0
8 0616 0.616 0
9  0.634 0.634 0
10 0.650 0.650 0

Table 4: Model Par, Aarr equilibrium, for different values of K.

HTII (T*) S 'IF')HgOMAe (7_*) A;IIgOMA(_) (7_*)

K PEM 4o

2 0.210 0.297 0.087
3 0.274 0.371 0.097
4 0.324 0.425 0.102
) 0.364 0.467 0.103
6 0.398 0.501 0.103
7 0.427 0.529 0.103
8 0.451 0.553 0.101
9 0.473 0.573 0.100
10 0.493 0.591 0.098
11 0.510 0.607 0.097
12 0.526 0.621 0.095
13 0.540 0.633 0.094
14 0.553 0.645 0.092

Table 5: Model P&™Ag under the optimal threshold strategy, for different values of K.
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